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Abstract 

Let B be a Lie group admitting a left-invariant negatively curved Kahlerian structure. Consider 
a strongly continuous action a of B on a Frechet algebra A. Denote by A°° the associated Frechet 
algebra of smooth vectors for the action a. In the Abelian case B = M.'^" and a isometric, Marc Rieffel 
proved in [19] that Weyl's operator symbol composition formula yields a deformation through Frechet 
algebra structures {★gjegR on A'^ ■ When ^ is a C*-algebra, every deformed algebra {A°° ,*0) admits a 
compatible pre-C*-structure. In this paper, we prove both analogous statements in the general negatively 
curved Kahlerian group and (non-isometric) "tempered" action case. The construction relies on the one 
hand on combining a non- Abelian version of oscillatory integral on tempered Lie groups with geometrical 
objects coming from invariant WKB-quantization of solvable symplectic symmetric spaces, and, on the 
second hand, in establishing a non- Abelian version of the Calderon-Vaillancourt Theorem. In particular, 
we give an oscillating kernel formula for WKB-star products on symplectic symmetric spaces that fiber 
over an exponential Lie group. 
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1 Introduction 



The general idea of deforming a given theory by use of its symmetries goes back to Drinfcl'd. One paradigm 
being that the data of a DrinfeVd twist based on a bi-algebra acting on an associative algebra A, produces 
an associative deformation of A. In the context of Lie theory, one considers for instance the category of 
module-algebras over the universal enveloping algebra U{q) of the Lie algebra g of a given Lie group G. In 
that situation, the notion of Drinfel'd twist is in a one to one correspondence with the one of left-invariant 
formal star-product on the space of formal power series C°°(G)[[z^]], see [11]. Disposing of such a twist, 
every W(g)-module-algebra A may then be formally deformed into an associative algebra A[[z/]]. 
It is important to observe that, within this situation, the symplectic leaf IB through the unit clement e of G 
in the characteristic foliation of the (left-invariant) Poisson structure directing the star-product -k^, always 
consists in an immersed Lie subgroup of G. The Lie group B therefore carries a left-invariant symplectic 
structure. This stresses the importance of symplectic Lie groups (i.e. connected Lie groups endowed with 
invariant symplectic forms) as semi-classical approximations of Drinfel'd twists attached to Lie algebras. 

In the present work, we address the question of designing non-formal Drinfel'd twists for actions of 
symplectic Lie groups B that underly negatively curved Kdhlerian Lie groups^ i.e. Lie groups that admit 
a left-invariant Kahlerian structure of negative curvature. These groups exactly correspond to the normal 
j-algebras defined by Pyatetskii-Shapiro in his work on automorphic forms [T7]. In particular, this class of 
groups contains all Iwasawa factors AN of Hermitian type simple Lie groups G = KAN . 

Roughly speaking, one looks for a smooth one-parameter family of complex valued smooth two-point 
functions on the group, {Kg}g^^ C C°°(B x B, C), with the property that, for every sufficiently regular 
action a of B on a Frcchet or a C* -algebra A, the following formula 

a^gb:^ I Kg{x,y)ax{a)ay{b)dxdy , (1) 

defines a one-parameter deformation of the Frcchet or C*-algebra structure on A. 

The above program was realized by Marc Ricffel in the particular case of the Abelian Lie group B — M^" 
in |19| . More precisely, Rieffel proved that for any strongly continuous and isometric action of M^" on any 
Frcchet algebra A, the associated Frcchet sub-algebra A°° of smooth vectors for this action, is deformed by 
the rule ([T]), where the two-point kernel there, consists in the Weyl symbol composition kernel: 

Kg{x,y) :=0-2« exp{^w"(x,2/)} , 

associated to an invariant symplectic structure on M^". At the formal level, the associated star-product 
-ki, therefore corresponds here to Moyal's product. In the special case where the Frechet algebra ^ is a G*- 
algebra, Rieffel also constructed a deformed G*-structure, so that {A°° ,-kg) becomes a pre-C*-algebra, which 
in turn yields a deformation theory at the level of G*-algebras too. Many further results have been proven 
then (for example continuity of the field of deformed C* -algebras [T^, invariance of the isT-theory [20|...). 
and many applications have been found (for instance in locally compact quantum groups |21) , quantum fields 
theory [8l|9], in spectral triples [13]...). 

In the present article, we first investigate the deformation theory of Frechet algebras endowed with an 
action of a negatively curved Kahlerian Lie group. Most of the results we present here are of a pure analytical 
nature. Indeed, once a family {Kg}g^^ of associative (i.e. such that the associated deformed product ([1]) is 
at least formally associative) two-point functions has been found, in order to give a precise meaning of the 
associated multiplication rule, it makes no doubt that the integrals in (|T]) need to be interpreted in a suitable 
(here oscillatory) sense. Indeed, there is no reason to expect the two-point function Kg to be integrable: it 
is typically not even bounded in the non- Abelian case! Thus, already in the case of an isometric action on 
a C'*-algebra, we have to face a serious analytical difficulty. We stress that contrarily to the case of R^", in 
the situation of a non- Abelian group action, this is an highly non-trivial feature of our deformation theory. 
The paper is organized as follows. 

In section 2, we start by introducing non- Abelian and unbounded versions of Frcchet- valued symbol 
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spaced on a Lie group G, with Lie algebra q: 

S^^^>(G,£) := {/ e C°°{G,£) : eU{Q), Vj e N, 3C> : \\Xf\\j < C/ij} , 

where £ is a Frechet space, {/LtjjjgN is a family of specific positive functions on G, called weights (sec 
Definition 12. ip affiliated to a countable set of semi-norms {|| -HjljeN defining the Frechet topology on £ and 
where X is the left-invariant differential operator on G associated to an element X G For example, 

B^{G,C) consists in the smooth vectors of the right regular representation of G on the space of bounded 
right-uniformly continuous functions on G (the uniform structures on G arc generally not balanced in our 
non-Abelian situation). We then define a notion of oscillatory integrals on Lie groups G that are endowed 
with a specific type of smooth function S € G°°{G,M.) (see Definitions I2.12[ 12.171 and I2.19p . We call such a 
pair (G, S) an admissible tempered pair. The main result of this section is that associated to an admissible 
tempered pair (G, 5), and given a growth-controlled function m, the oscillatory integral 

/ m e*-^ F , 
Jg 

canonically extends from the space of smooth compactly supported functions G^{G,£) to our symbol space 
B^f^^^ {G,£). This construction is explained in Definition 12.261 which turns out to apply in our situation as 
a direct consequence of ProDOsition l2.251 the main technical result of this section. 

In section 3, we consider an arbitrary normal y group B (i.e. a connected simply connected Lie group 
whose Lie algebra is a normal j-algebra — see Definition 13. ip . The main result of this section, Theorem 
13.351 shows that its square B x B canonically underlies an admissible tempered pair (B x B, 5'|fjj„). When 
elementary, every normal j-group has a canonical simply transitive action on a specific solvable symplectic 
symmetric space. The two-point function Sf^^^ we consider here comes from an earlier work of one of us. 
It consists in the sum of the phases S'fan of the oscillatory kernels associated to invariant star-products on 
solvable symplectic symmetric space [71 13] , in the Pyatetskii-Shapiro decomposition [17] of a normal j-group 
B into a sequence of split extensions of elementary normal j-factors: B = (...(Si k S2) x S3) k ...))..) x S^v- 
The two-point phase function S^^^ in that case, then consists in the symplectic area of the unique geodesic 
triangle in S (viewed as a solvable symplectic symmetric space), whose geodesic edges admit e,x and y as 
midpoints (e denotes the unit element in S): 

'5'fan(a;i,a;2) := Area ($g^(e, xi, 0:2)) , 

with 

: S^ ^ S^ , {xi,X2,X3) ^ (mid(.Ti,a;2),mid(x2,a;3),mid(a;3,a;i)) 
where mid(x, y) denotes the geodesic midpoint between x and y (again uniquely defined in our situation). 

In section 4, we consider an arbitrary normal j-group and define the above-mentioned oscillatory kernels 
K0 simply by tensorizing oscillating kernels found in [7] on elementary j-factors. The resulting kernel has 
the form 

Kg -0 m^^^ exp , 

where Sf^^^ is the two-point phase mentioned in the description of section 3 above, and m^^^ = m^i^^ (g) • • • (E) 
m^^„, where mtin = Jacl^^i denotes the square root of the Jacobian of the "double triangle" map ^. 

In particular, it defines an oscillatory integral on every symbol space of the type 

^'"}(B X B,6<'^^}(B,£)) 

(where the N indexes a family of semi-norms on 6{^^>(B,£)). When valued in a Frechet algebra A, this 
yields a non-pcrturbativc and associative star-product -kg on the union of all symbol spaces B^'''^M,A). 

In section 5, we consider any tempered action of a normal j-group B on a Frechet algebra A. By tempered 
action we mean a strongly continuous action a of B by automorphisms on A, such that for every semi-norm 

^We recently learned that in 1151 . G. Lechner and S. Waldmann introduced a similar type of symbol spaces in the Abelian 
context of actions of R"* on locally convex algebras. 
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1 1 . 1 1 j there is a weight ( "tempered" for a suitable notion of temperedness) such that 1 1 ag (a) 1 1 j < (g) | ] a 1 1 j 
for all a € ^ and <? S B. In that case, the space of smooth vectors A°° of a naturally identifies with a subspace 
of 6^'^^>(B,yi°°), where the /i/s are affiliated to the fif's: 

Wc stress that even in the case of an isometric action, and contrarily to the Abclian situation, the map 
a always takes values in a symbol space B^'^^^ with non-trivial /Xj's, which explains why the non- Abclian 
framework forces implementing such symbol spaces. Applying the results of section 4 to this situation, we 
get a new associative product on A°° defined by the formula 

a-kg b (a(a) a{b)) (e) . 

Then main result of this section, stated as Theorem 15.81 is the following fact: 

Universal Deformation Formula for Actions of Kahlerian Lie Groups on Frechet Algebras: 

Let (^, a,B) be a Frechet algebra endowed with a tempered action of a normal j- group. Then, (A°°,-kg) is 
an associative Frechet algebra with jointly continuous product. 

The rest of the paper is devoted to defining an operator calculus that represents the above algebras 
{A°°,*g) in the case ^ is a C*-algebra. 

In section 6, we define a special class of symplectic symmetric spaces which naturally give rise to explicit 
WKB-quantizations (i.e. invariant star-products rcprcscntablc through oscillatory kernels) that underlie a 
unitarjo operator calculus. Roughly speaking, an elementary symplectic symmetric space is a symplectic 
symmetric space that consists of the total space of a fibration in flat fibers over a Lie group Q of exponential 
type. In that case, a variant of Kirillov's orbit method yields a unitary and self-adjoint representation on an 
Hilbert-space T-l, of the symmetric space M: 

n-.M^UUn) , 

with associated "quantization rule" : 

n : L\M) ^ B{n) , F^n{F):=l F{x)n{x)dx. 

Jm 

Weighting the above mapping by the multiplication by a (growth controlled) function m defined on the base 
Q yields a pair of adjoint maps: 

n^: L^{M) ^ C^{n) and a ^ :£?{%) ^ L^{M) , 

where C^{T-L) denotes the algebra of Hilbert-Schmidt operators on T-L. Both of the above maps are equivariant 
under the whole automorphism group of M. Note that this last feature very much contrasts with the usual 
notion of coherent-state quantization for groups (as opposed to symmetric spaces). The corresponding 
"Berezin transform" := Um o is explicitly controlled. In particular, when invertible, the associated 
star-product Fi ★ F2 :— B:^atn.{^m{Fi)^m{F2)) is of oscillatory (WKB) type and its associated kernel 
is explicitly determined. Note that, because entirely explicit, this section yields a proof of Weinstein's 
conjectural form for star-product WKB-kernels on symmetric spaces [27] in the situation considered here. 
The section ends with considerations on extending the construction to semi-direct products. 

Section 7 is entirely devoted to applying the construction of section 6 to the particular case of Kahlerian 
Lie groups with negative curvature. Such a Lie group is always a normal j-group is the sense of Pyatetskii- 
Shapiro. Every of its elementary factors admits the structure of an elementary symplectic symmetric space. 
Accordingly to [3], the obtained non-formal star products coincide with the one described in sections 3-5. 

Sction 8 deals with the deformation theory for C*-algcbras. We essentially prove the following statement: 
^Prom the space of L-^-functions to space of Hilbert-Schmidt operators. 
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Universal Deformation Formula for Actions of Kahlerian Lie Groups on C*-Algebras: 

Let {A,a,M) be a C* -algebra endowed with a strongly continuous and isometric action of a normal y group. 
Then, there exists a C* -norm on the involute Frechet algebra (A°° , *g). 

The above statement follows from a non-Abclian generalization (see Theorem I8.19P of the Calderon-Vail- 
lancourt Theorem in the context of the usual Weyl pseudo-differential calculus on M^". Our result asserts 
that the element fim(^) associated to a function F in B^{M,A) naturally consists of elements of the spacial 
tensor product of A by an external C* -algebra. Its proof relies of a combination of a resolution of the identity 
obtained from wavelet analysis considerations (see subsection 18. ip and further properties of our oscillatory 
integral defined in section [5J We also prove that if-theory is an invariant of the deformation. 



Notations and conventions 

Given a Lie group G, with Lie algebra g, we denote by dcig) a left invariant Haar measure. In the non- 
unimodular case, we consider the modular function A^: 

dG(5)AG(5) :-dG(5-^) • 

Otherwise specified, LP{G), p E [1,oo], will always denote the Lebesgue p-spacc associated with the choice 
of a left-invariant Haar measure made above. We also denote by I?(G) the space of smooth compactly 
supported functions on G and by T)' [G) the dual space of distributions. 
We use the notations L* and R* . for the left and right regular actions: 

Kfig') fig-'g') , Kfig') f{g'g) ■ 



By X and 2L- we mean the left-invariant and right-invariant vector fields on G associated to the elements X 
and —X e q: 

X := — R*,x , -7; L*tx . 

dt t=o dt t=o 



Given an element X of the universal enveloping algebra U{g) of g, we adopt the same notations X and X 
for the associated left- and right-invariant differential operator on G. Let Au be the ordinary co-product of 
U{q). We make use of the Sweedler's notation: 

AuiX) = J2 ^(1) ® ^(2) e U{g)(SU{Q) , X e U{q) , 
and accordingly, for /i, /2 G C°°{G) and X G W(g), we write 

X{hf2) - (^(1) (^(2) •/■2) , X{hh) = E (^(1) /l) (^(2) h) ■ (2) 

(X) {X) 

To a fixed ordered basis {Xi, . . . , Xm} of the Lie algebra g, we associate a PBW basis of U{g): 

{X^, p e N™} , X^ := X^'X^' . . . X^^ . (3) 

This induces a filtration 

Z^(g) = IJZ^fc(g), Z^fc(g) cZ^i(g), k <l , 

fceN 

in terms of the subsets 

:= { E X^ e r} , fc e N , (4) 

l(9|<fc 

where |/3| := /3i H h /3,„. For /3,/3i,/32 G N", we define the 'structure constants' w;^^''^' e M of Z^(g), by 

x&^x('^= <'''^^''g%.h-i&i(0)- (5) 

lA*l<l/3i| + l/32 
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We endow the finite dimensional vector space Ukid), with the £^-norm within the basis {X^ , \(3\ < k}: 

\X\, I^/^I if X = ^ e U,{3) . (6) 

|,3|<fc \P\<k 

We observe that the family of norms {|.|fc}fcgN is compatible with the filtered structure of U{q), in the sense 
that if X S Ukio), then \X\k = \X\i whenever I > k. Considering a subspace C g, we also denote by U{V) 
the unital sub-algebra oiU{Q) generated by V: 

U{V) = spanjXiXa . . . X„ : G V , n G n} , (7) 

that we may filtrate using the induced filtration oiU{Q). We also observe that the co-product preserves the 
latter sub-algebras, in the sense that /^u(U{V)) C U{V) ®U{V). 

Regarding the uniform structures on a locally compact group G, we say that a function / : G — >■ C is right 
(respectively left) uniformly continuous if for all e > 0, there exists U , an open neighborhood of the neutral 
element e, such that for all [g, h) G x G we have 

1/(3) ~ f{h)\ < e, whenever g~^h G U (respectively hg~^ G U) . 

Last, we call a Lie group G (with Lie algebra g) exponential, if the exponential map exp : g — > G is a global 
diffeomorphism. 

2 Oscillatory integrals 
2.1 Symbol spaces 

In this preliminary subsection, we consider a non-Abelian, weighted and Frcehet-valued version of the Laurent 
Schwartz space B of smooth functions that, together with all of their derivatives, are bounded. For reasons 
that will become clear latter, we refer to such function spaces as symbol spaces. They are constructed out of 
a family of specific functions on a Lie group G, that we call weights. The prototype of a weight for a non- 
Abelian Lie group is constructed in Example 12.31 The key properties of these symbol spaces are established 
in Lemmas 12.61 and 12.81 In Lemma I2.10[ we show on an example, how such spaces naturally appear in the 
context of non-Abelian Lie group actions. 

Definition 2.1 Consider a connected real Lie group G with Lie algebra g. An element n G G°°(G, M^) is 
called a weight if it satisfies the following properties: 

(i) For every element X Cz U{q), there exist Cl, Cr > such that 

\X.^\ < Gl ^J' and < Crji. 

(ii) There exist positive integers L, R €z N and a constant G > such that for all g, h G G: 

fiigh) < C fiig)"^ fiih)'' . 

A pair (L, i?) G as in item (ii) is called a sub-multiplicative degree of the weight ^. A weight with 
sub-multiplicative degree (1,1) is called a sub-multiplicative weight. 

Remark 2.2 For ^ G G°°(G), we set ^^(5) := fi{g^^). Then, from the relation X = {X^iY for all 
X G U{q), we see that is a weight of sub-multiphcative degree {L,R) if and only if is a weight of 
sub-multiplicative degree {R,L). Moreover, a product of two weights is a weight and a (positive) power of 
a weight is a weight. 

In the following, we construct a canonical and non-trivial weight for non-Abelian Lie groups. This specific 
weight is an important object as it will naturally and repeatedly appear in all our analysis. 
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Example 2.3 Choosing a Euclidean structure |.| on g, for x G G, we let |Ad^| be the operator norm of the 
adjoint action of G on g. The function 



is a sub-multiplicative weight on G. Indeed, from the relations for X G g and x G G, 

X|Ad,|2 = 2 sup (Ad,oadx(r),Ad,(y)), X\kd,-i\^ = -2 sup (ad^ o Ad,-i (F), Ad,-i (F)) , 
Yes,\Y\=i YesAY\=i 

X|Ad,|2 = -2 sup (adA-oAd,(y),Ad,(r)), X\kd,-i\^ ^ 2 sup (Ad,-i o adx(r), Ad,-i (y)) , 

Yes,\Y\ = l Yes.\Y\ = l 

we get by induction and for every X (zU{g) of strictly positive homogeneous degree: 

I ~ , M I . ^1 , , lAd^l^ + |Ad^-iP , , , , 

\X^x)\,\XHx)\ < |adx| , ' ' ' " ' < |adx|f)(x), 

1 + |Ad,|' + |Ad,-i|2 

where, for X e U{q), we denote by |adx| the operator norm of the adjoint action of U{q) on g. The 
sub-multiplicativity follows from a direct check. The element 5 is called the modular weight of G. 
Also, the modular function Aq is a sub-multiplicative weight. Indeed the multiplicativity property implies 
that for every X £U{2) and x G G: 

{XAg){x) = {XAG){e)AG{x), {XAg){x) - Ac) (e) AG(a;) . 

The next notion will play a key role to establish density results for our symbol spaces. We assume from now 
on the Lie group G to be non-compact. 

Definition 2.4 Given two weights fi and fi' , we say that fi dominates fi' , which we denote by /i', ij 

lim 44-0. 

Remark 2.5 We stress that it is the modular weight 0, and not the modular function A^, which plays a 
fundamental role. Not only because it appears everywhere in our estimates, but also because for negatively 
curved Kahlerian Lie groups it has the crucial property to dominate the constant weight 1. 

We now let £" be a complex Frcchct space with topology underlying a countable family of semi-norms 
{IMIiljeN- Given a weight /i, we first consider the following space of ^-valued functions on G: 



B' 



'(G,f ) := |f e G°°(G,£) : VX e U{q), Vj e N, 3G > : \\XF\\j < G^i} 



When £ ~ <C (respectively when /i = 1, respectively when £ ^ C and fi = 1), we denote B^{G,£) by B^{G) 
(respectively by B{G,£), respectively by B{G)). We endow the space B^{G,£) with the natural topology 
associated to the following semi-norms: 

ll^ll,,;.,,,,oo := sup sup l^^^j, j,fceN, (8) 

where U{q) ~ Ukenl^kio) is the filtration described in (|4]) and |.|fc is the norm on Ukio) defined in ([6]). Note 
that for X = '}2\p\<k ^ ^kis), we have 



and hence 



|i^||,,fc,M,oo < max sup "^^f^"^' = max \\XPF\\,,o.,,^ , (9) 
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which shows in particular that the semi- norms (|5]) are well defined on B'^{G,£). When £ = C (respectively 
when /X = 1, respectively when £ = C and /x = 1), we denote the semi-norms ([9|) by |l.||fc,/j,oo, A: G N 
(respectively by ||.||j,fe,oo, j,k & N, respectively by \\-\\k.,oo, k e N). 

Let Cb{G,£) be the Frechet space of 5-valued continuous and bounded functions on G. The topology we 
consider on the latter is the one associated to the semi-norms |jF||j^oo := sup^gg ||F((7)||j, j € N. This space 
carries an action of G by right-translations. This action is of course isometric but not necessarily strongly 
continuous. Consider therefore its closed subspace Gru{G,£) constituted by the right-uniformly continuous 
functions. The results we establish in the next lemma are essentially standard. 

Lemma 2.6 Let {G,£) as above and let fi and ^l' be two weights on G. 

(i) The right regular action R* of G on Cru{G,£) is isometric and strongly continuous. 

(ii) Let Cru{G,£)°^ be the subspace of Cru{G,£) of smooth vectors for the right regular action. Then 
Gru{G,£)°° identifies with B{G,£) as topological vector spaces. In particular, B{G,£) is Frechet. 

(Hi) The left regular action L* of G on B{G,£) is isometric. 

(iv) The map 

B''iG,£) ^ B{G,£), F^^l-^F, 
is an homeomorphism. In particular, the space B^{G,£) is Frechet as well. 

(v) The bilinear map: 

B^iG) X B^''{G,£) 6'''''(G,f ) , {u,F) ^ [g G ^ u{g) F{g) e £] , 
is jointly continuous. 

(vi) For every X G U{g), the associated left invariant differential operator X acts continuously on B^{G, £). 

(vii) If there exists C > such that f^i' < Cfi, then B^ {G,£) C B^{G,£), continuously. 

(via) Assume that /i >~ ji' . Then the closure of T>{G,£) in B^{G,£) contains B^ {G,£). In particular, the 
space T>{G,£) is a dense sub-set of B^ iG,£) for the induced topology of B^{G,£). 

Proof, (i) Recall that G being locally compact and countable at infinity, the space Gb{G,£) is Frechet (by 
the same argument as in the proof of [23l Proposition 44.1 and Corollary 1]). The subspace Gru{G,£) is 
then closed as a uniform limit of right-uniformly continuous functions is right-uniformly continuous. Thus 
Gru{G,£) endowed with the induced topology is a Frechet space as well. 

Being isometric on Cb{G,£), the right action is consequently isometric on Cru{G,£) too. Moreover, for any 
converging sequence {(7„} C G, with limit g £ G, and any F £ Cru{G,£), we have ||(^g„ — Rg)F\\j, oo = 
supg^jgg. \\F{gogn) — F(gog)\\j which tends to zero due to the right-uniform continuity of F. Hence the right 
regular action R* is strongly continuous on Gru{G,£). 

(ii) Note that an element F g Cru{G,£)°° is such that the function g i-> R*F is smooth as a Cru(,G,£^- 

valued function on G. In particular, for every X gU{q), XF is bounded and smooth. This clearly gives the 
inclusion GruiG,£)'^ C B{G,£). 

Reciprocally, G acts on B{G, £) via the right regular representation. Indeed, for all g € G and X £U{q), we 
have XR* = R* (Adg-iX)~ and hence for j,kGN and F € B{G, £), we deduce 

II p. PI, rUM^XTFig^, 
\\RgF\\j^k,oo = sup sup <^ — \ 

xeUkis) g'eG ^ \X\k > 

= sup sup <^ \ < |Adg-l|fc||i^||j,fc,cx, , 

xeUkis) 9'eG ^ \X\k > 
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where |Adg|fe denotes the operator norm of the adjoint action of G on the (finite dimensional) Banach space 
(Ukio), \-\k)- Now we have the inclusion B{G,E) C Cru{G,£). Indeed, for F e B{G), g € G and for fixed 
X & Q, one observes that 



\FigeMtX))^Fig)\ 



dr 



{F{gaip{TX)))dT 



XF(.gcxp(rX))dT 



<l^lill^^l! 



hence the right-uniform continuity of F. To show that F e 13(G) is a differentiable vector for the right-action, 
we observe that 



j{FigeMtX)) - F{g)) - {XF)ig) 



< 



< 



XF){gexp{tTX))~{XF){g) 

1 rtr 

' {X'^F){gexp{T'X)) dr' di 



dr 



Jo 



< \t\ sup{\X'F\ig)} < \X%\\F\\2,^\t\ 

nan ^. ■> 



g&G 

which tends to zero together with t. This yields differentiability at the unit element. One gets it everywhere 
else by observing that 



Xg{R;F) ^ R*{XF), yXeUig), V.geG, VFeS(G). 



(10) 



An induction on the order of derivation implies B{G) C Gru{G)°° . The f-valued case is entirely similar. 
The assertion concerning the topology follows from the definition of the topology on smooth vectors [55] 
(iii) The fact that G acts isomctrically on B{G,£) via the left regular representation, follows from 



sup sup ■ 



X{L lF)ig')\\, \\{LlXF){g')\[ 

— sup sup 

xeUk{s)g'eG 



\L*F\\j,k.oo = sup sup ' i"^,' = sup sup 



X 



\XF{g-^g') 



sup sup ■ 



\X\k 

XF{g')\\, 
\X\k 



\F\ 



j,k, oo • 



(iv) Since /i e B^{G), we see that for every X G U{q), there exists C > such that \X{fi ^)| < C/i ^. 
Thus, the Leibniz rule entails then that the map F i— >■ ji^^F is continuous with continuous inverse, from 
S''(G,£:) to B{G,£). 

(v) Let u € Bi'iG) and F e 6'^'(G,£:). Using Sweedler's notation @, we have for j, fc g N: 



\\X(uF)(g)h v-^ 
fc,^^,,oo = sup sup < sup sup^ 

xeUkiB) geG ^J■[g)fJ■ l9j|-^|fe xeUkis) f^G^ 



< ( sup J2 



\{X^i)u){g)\ \\{X^2)F){g)\ 
^l{g)^l'{g)\X\k 

X{l)\k \X(^2)\k 



\x\ 



II A:,/j.,oo II -^11 ,oo • 



Now, for X = J2\i3\<k ^ ^k{Q)-> expanded in the PBW basis dS]), we have 



^u{x)= J2 c,j2r)x''(sx 



\P\<k 7</3 

which, with m the dimension of g, implies that 



E < E i^/^i E n - ^ = ^"''^ 

(X) \l3\<k -/<I3 \p\<k 



(11) 



Hence we get 



\\uF\\,.k,^^,,^<2''^''\\u\\k,^,oo\\FUk,^. 



',00 ; 
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proving separate continuity. Joint continuity follows then by a generic property of Frechet spaces, 
(vi) and (vii) are obvious. 

(viii) Choose an increasing sequence {C„}„gN of relatively compact open sub-sets in G, such that 
lini„ Cn = G. Pick < V-" ^ 2?(G) of L^{G, dG)-norm one and define 



(12) 



where Xn denotes the characteristic function of Cn- It is clear that e„ is an increasing family of smooth 
compactly supported functions, which by Lebesgue dominated convergence, converges point-wise to the unit 
function. Moreover, for all F e {G,£), we have 

11(1 - e„)F||,-o,M,oo = sup 1^(1 - en{9))\\F{g)\\A < ||i^||j,o,^',oo sup {^(l - e„(g))| , 



which converges to zero when n goes to infinity, since — > when g ^ oo and for fixed p G G, 1 — en{g) 
decreases to zero when n — > oo. We need to show that the same property holds true for all the semi- norms 
II -lli.fe./j.oo, fc > 1. We use an induction. First note that if X e g, then we have 



= dt 



t=o dt 

- A 
~ dt 



t=o 



V(5)i?:*xi?*(x«)dG(5) 
V(e-*^5)i?g(Xn)dG(5)= / {X3lj){g)Rl(xn)'iG{9) . 



A routine inductive argument then gives 



&){g)Rl{xn)dG{g). VXeW(0) 



(13) 



which entails 



||^e„||oo < II^Vlli < oo, yX^Uio). 

This means that the sequence {e„}„gN belongs to B{G), uniformly in n. 

Now, assume that || (1 — en)F\\j^k,fj.,oc -> 0, n — )• oo, for a given fc e N, for ah F e B^^ (G, £) and all j e N. 
From the same reasoning as those leading to © and with the element of the PBW basis of ^^(g) defined 
in ([3]), we see that 

11(1-6,0^^11 < 11(1 - e„)F|ljA^,oo + max ||X/^((1 - e„)i^) || 

\ Pl—k-i-l 

We only need to show that the second term in the inequality above goes to zero when n ^ oo, as the first 
does by induction hypothesis. Writing X^^ = X''X, with I7I = k and X £ g, by virtue of the Liebniz rule, 

we get _ _ _ _ _ 

X7X((1 - en)F) = -X-<{{Xen)F) + X'/((l - e„) XF) . 

Note that _ _ 

|lXT((l-e„)Xi^)|| 

,00 ; 

which converges to zero when rt — > 00 by induction hypothesis, since XF e B'^ {G,£) and I7I = k. Regarding 
the first term, we have using Swecdler's notations ^ and for a finite sum: 

X'r{iXen)F) = ^ {^^Xe^) {^.^F) . 

Note that / PX ij) cIg ~ for any P E U{q), X E q any ij] G 'D{G). Indeed, this follows from an inductive 
argument starting with 



X 



^V'(ff)dG(5) 



d 
It 



K*- (V)(5)dG(5) 



d 
di 



*=o Jg 



/ V(ff)dG(5)=0, VXG0. 
Jg 
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Using we arrive at 

X-<{{Xe„)F) = E ( / (^(i)^V')(.9)(i?:(e„) - l))dG{g))x''^^)F , 

which converges to zero in the norms ||.|ij,o./j.oo, j G since it is a finite sum of terms of the form (1 — e„)i^ 
(with possibly re-defined F's in i3^'(G,£), e„'s and ip's in V{G)). ■ 

Remark 2.7 On B{G,£), the left regular action is generally not strongly continuous and the right regular 
action is never isometric unless G is Abelian. 

We now generalize the spaces B'^{G,£), by allowing a certain behavior at infinity of the £-valued functions 
on G, which is not necessarily uniform with respect to the semi-norm index. So, we still consider a Frechet 
space £ with topology associated to a family of semi- norms {||.|lj"}jeN; but we let now {/ij jjgN be a countable 
family of weights on G. We then define 

B^''^\G,£) := {i^ G G°°(G,f) : VX e U{q), Vj e N, 3G > : \\XF\\j <G/ij} . 

We endow the latter space with the following set of the semi-norms: 

sup sup I ^^Y!fJ' I , J,fcGN, (14) 

As expected, the space B^^^^^ {G,£) is Frechet for the topology induced by the semi-norms ([T4| and most of 
the properties of Lemma 12.61 remain true. 

Lemma 2.8 Let (^G,£,{\\.\\j}j^f>i) as above and let {l^j}jeN ^.^d he two families of weights on G. 

(i) The space 6^''^>(G,£:) is Frechet. 

(a) Assume that fij has sub-multilplicative degree (Lj^Rj). Then, for every g £ G the left-translation L* 

defines a continuous map fromB^f''^{G,£) to B^^"^ HG,^) ■ 
(Hi) The bilinear map: 

6^^^>(G) X 6^^^>(G,£) ^i3^^^^^>(G,f), {u,F) ^ [g e G ^ u{g) F{g) G £] , 
is jointly continuous. 

(iv) For every X G U{q), the left invariant differential operator X acts continuously on B^^'^ {G,£). 

(v) If for every j G N,, there exists Cj > such that pt^- < CjHj, then S^''j^(G,f ) C B^^'^^G,£). 

(vi) Assume that fij >- fi'j for every j G N. Then, the closure of DIG, £) in S^^J^(G, £) contains B^^i^ {G, £). 
In particular, T>(G,£) is a dense sub-set of B^^^^ {G,£) for the induced topology of B^^'^ {G,£). 

Proof, (i) For each j G N, define \\.\\J := X]fe=o II -lU- Clearly, the topologies on £ associated with the families 
of semi-norms {||.||j}jeN and {IMIJIjeN are equivalent. Thus, we may assume without loss of generality 
that the family of semi-norms {||.||j}jgN is increasing. We start by recalling the standard realization of the 
Frechet space (£, {||.||j}jgN) as a projective limit. One considers the nuU spaces V, := {w G £ | = 0} 
and form the normed quotient spaces £j := £ /Vj- Denoting by £j the Banach completion of the latter, the 
family of semi-norms being increasing, one gets, for every pair of indices « < j, a natural continuous linear 
mapping gji : £j — > £i. The Frechet space £ is then isomorphic to the subspace £ of the product space 
J^^ £j constituted by the elements (x) G 11 j '^i such that Xi = gji{xj). Within this setting, the subspace £ 
is endowed with the projective topology associated with the family of maps {/j : £ — >■ £j : (x) i— > Xj} (i.e. 
the coarsest topology that renders continuous each of the fj's — see e.g. [22l pp. 50-52]). 
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Within this context, we then observe that the topology on B^^''^^ {G,£) ~ B^^^^^ {G,£) induced by the semi- 
norms (|T4| consists in the projective topology associated with the mappings (f>j : B^'^^^ {G,£) — >■ B'^^{G,£j) : 
F i-> /j o F. Next we consider a Cauchy sequence {i^„}„gN in S^^^^(G',f ). Since every space B^'[G,£j) is 
Frechet, each sequence {fj o Fn}n£n converges in B'^^{G,£j) to an element denoted by . Moreover, lor 
every g € G, one has 

\\9,,{F^{g)) - F\g)\U = Wg^F^ig)) - hF.n{g) + /.i^„(.g) - F\g)h 

< \\g,.{F^{g) - /,F„(.9))||, + \\hF^{g) - F\g)\\, , 

which can be rendered as small as we want since every gji is continuous. Hence gji{F^) = F^ which amounts 
to say that S^'^^^(G, f) is complete. 

(ii) Let F G B^t'^^{G,£) and g e G. We have lor j, A: e N: 

\\FnF\\ R, = sup sup , — = sup sup " |„| — 

\\{XF){g-^g')\\, ^ ,-i,L,|,p|| 

sup sup Ur lYi — <f^3ig n\ F\ jM,,.,, 



Items (iii), (iv), (v) and (vi) arc proven in the same way as to their counterparts in Lemma [ 

In Lemma l2.101 we show how the notion ol S-spaces lor lamilies ol weights, naturally appears in the context 
of non-Abelian Lie group actions. We start by a preliminary result. We fix a Euclidean structure on g, such 
that the basis {Xi, . . . ,X„} (from which we have constructed the PBW basis ([3])) is orthonormal. 

Lemma 2.9 For g (z G and k CzN, denote by \kdg\k the operator norm of the adjoint action Ad of G on the 
Banach space (Ukid), \-\k)- Then, for each A: e N, there exists a constant Gk > 0, such that 

\Adg\k < Gk^gf . 
where c) S G°°{G) is the modular weight (defined in Examvle \2.3\) . 

Proof. Note first that for all fc G N, there exists a constant ojk > Q such that for all X G Uk^ (g) and 
Y G (fl) , we have 

\XY\k,+k,<^k^+kAX\kAY\k, . (15) 

Indeed, observe that if 

x^ clx^ eUkAo) and Y ^ cjx^ eUkM . 

|/3|<fci |/3|<fe2 

we have 

l/3i|<fei,|/32|<fc2 l0l<l/9i+/32 

where the constants are defined in ([5]). The sub-additivity of the norm |.|fci+fc2 then entails that 



l/3i|<fei,l&|<A:2 l/3|<|/3i+& 



,^l,/32| 



Thus, it leads to defining 

WA;i+/c2 := sup Y 

|/3l+/32|<fel+fc2 |^|<|^j+^,| 

and the inequality (jl5|) is proven. Next, for 

x=Y C/3xf^..x^GWfc(0) 

\B\<k 
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we have 

Ad,(X) = 5] (Adg(Xi))''^ . . . (AdgCX™))^" e Uki9) , 

\l3\<k 

and thus by the previous considerations, we deduce 

l/3| 

|Ad,(X)|,< ^ |C^|(n^.) |Ad,(Xi)|^|Ad,(X2)|f ...|Ad,(X™)|f" . 

\l3\<k J=2 

As the restriction of the norm |.|i from Ui{g) to g coincides with the €^-norm of g within the basis 
{Xi, Xjn}, we deduce for j = l,...,m and with |Adg| the operator norm of Adg with respect to the 
Euchdean structure of g chosen: 

|Ad<,(X,)|i < V^\kdg{X,)\ < V^\Mg\ \Xj\g = ^M|Ad<,| , 

as Xj € g belongs to the unit sphere of g for the Euchdean norm |.|g. This imphes 

1/31 

|Ad<,(X)|^ < m"/^ ( sup l[u:A |Ad<,|^ , 

and the result follows from the definition of the modular weight i) (see Example 12. 3p . ■ 

Lemma 2.10 Let {/ij} he a family of weights on G with sub-mutiplicativity degrees {{Lj, Rj)}. Then the 
linear mapping 



n := 



is continuous from B^''^'>^'^"{G,£) to B''''^'^''^'-'''^"{G,B^''^'^''^"{G,£)) , whereD denotes the modular weight. 
More precisely, labeling by {j,k) £ the semi-norm \\.\\ . lj of B^^j ^{G,8), for each {j,k,k') € N^, 
there exists a constant C > 0, such that for all F G B^^^^ {G,£), we have 

Proof Using the relation (UHl), we obtain for X € Uk'{g), F e S^^^J^^m (G, £) and g e G: 



\y^r;{xf){x)\\, 



i«(^)iL.„ - sup sup 



Moreover, since for any Y e ^(g) and g e G, we have R*_iYR* ~ Adg-iF and since F e S^^^^(G,£') and 
^.j is sub- multiplicative with degree {Lj , Rj), wc get 

W^^Kini^,,^^ ^ = -P -P^^^^^^^^^^ < ||F||„.,.,,,,^|Ad,-.U|XU.sup^ 



< \\F\\,,k+k',^„oo\^dg-^\k\X\k. iif{g) , 



and one concludes using Lemma 
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2.2 Tempered pairs 



In this subsection, we establish the main technical result the first part of this article (Proposition 12 . 25)) . on 
which the construction of our oscillatory integral (and thus of our universal deformation formula for Frechet 
agebras) essentially relies. To this aim, we start by introducing the class of tempered Lie groups (Definition 
I2.12p and the sub-class of tempered pairs (Definition I2.17P . In Lemma 12.161 we give simple but important 
consequences for the modular weight, modular function and Haar measure, when the groupis tempered. The 
rest of this subsection is devoted to the proof of Proposition 12.251 

The following result is extracted from j4j, but for the sake of completeness, we reproduce the proof here. 

Lemma 2.11 Let G he a connected real Lie group and tp : M™ G he a glohal diffeomorphism. Then 
the multiplication and inverse operations seen through ip are tempered function^ (in the ordinary sense of 
M."^) if and only if for every element A € U{q) their derivatives along A is hounded hy a function which is 
polynomial within the chart ip. 

Proof. Denote ^{x,y) = ^,x{y) = i^^^{4'{x) ■ ipiu)) ^-nd i{x) ~ 'ip^^{ip{x)~^) the multiplication and inverse 

of G seen through V e Difr(M™,G'), and for X € M™ denote = fJ-^^oW = ^^Ki''P*o^)4,{x) the left 
invariant vector field corresponding to ipi,QX e g. 

Assume fi and l are tempered in the usual sense. Then for X e M™, by definition 

= ^'"(^'*^) 

which is a linear combination of partial derivatives of fi all of them being bounded by some polynomials in 
X since /z is tempered. In the same way, the derivatives of left-invariant vector fields are linear combinations 
of higher partial derivatives of compositions of fi with itself in the second variable, which are also bounded 
by some polynomials. Hence the left-invariant vector fields are tempered, and consequently so are the 
left-invariant derivatives of /i and l. 

Conversely, assume /i and i are tempered in the sense of left-invariant vector fields. We will see that 
the constant vector fields on K"* are linear combinations of left-invariant vector fields, the coefficients being 
tempered functions. Indeed, we have X = (/i^^o) ^ {X'^') and the matrix elements of that inverse matrix 
are finite sums and products of the matrix elements of the original one, which are tempered, divided by its 
determinant. Thus all we have to check is that the inverse of the determinant is a tempered function. But 
- — 7-^ r = det Uh{x) ) is tempered since n and l are. ■ 

The preceding observation yields us to introduce the following notion: 

Definition 2.12 A Lie group G is called tempered if there exists a glohal coordinate system ip : M™ — > G 
where the multiplication and inverse operations are tempered functions. A smooth function f on a tempered 
Lie group is called a tempered function if f o is tempered. 

Remark 2.13 Every tempered Lie group, being diffeomorphic to a Euclidean space, is connected and simply 
connected. Moreover, by arguments similar to those of Lemma 12.111 a smooth function / on a tempered 
Lie group is tempered if and only if for any X S U{q), its derivative along X is bounded by a polynomial 
function within the global chart R™ G. 

Example 2.14 For any (simply connected) nilpotent Lie group, the exponential coordinates, g — > G : X M' 
exp(X), provides G with a structure of a tempered Lie group. Indeed, in the case of a nilpotent Lie group, 
the Baker-Campbell-Hausdorff series is finite. 

Remark 2.15 Observe also that we can replace in Lemma [2.111 left- invariant differential operators by right- 
invariant one. In fact, for a tempered group, left-invariant vector fields are linear combinations of right- 
invariant one with tempered coefficients and vice versa. 



^By tempered function, we mean a smooth function / whose every derivative D"' f is bounded by a polynomial function Pa. 
These functions are sometimes called "slowly increasing" . 
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Lemma 2.16 Let G be a tempered Lie group. Then the modular weight T) (cf. Examvle \2.3\) and the modular 
function Aq are tempered. Moreover, in the transported coordinates, every Haar measure on G is a multiple 
of a Lebesgue measure on R" by a tempered density. 

Proof. The conjugate action C : G x G — > G : {g,x) ^ gxg~^ is a tempered map when read in the global 
coordinate system. Therefore, the evaluation of the restriction of its tangent mapping to the first factor 
G X {e} on the constant section (B X , X E g, oi T{G x G) consists in a tempered mapping: 

The latter coincides with g i-> A.dg{X). Varying X in g yields the tempered map Ad : G End(g). 
Transporting the group structure of G to M" by mean of the global coordinates, it is clear that any Haar 
measure on R" (for the transported group law) is absolutely continuous with respect to the Lebesgue measure. 
Let dG(£) be a left invariant Haar measure on G transported to R". Let also p : R" — >■ R be the Radon- 
Nikodym derivative of dciO with respect to d£, the Lebesgue measure on R". Let £e G R" be the transported 
neutral element of G. By left-invariance of the Haar measure dG(£), we get 

p(/^(£',£)) =p(c)|JacL*,i(o, ve,e'e]K", 

where /^(., .) denotes the transported multiplication law on R" and stands for the associated left translation 
operator on R". Letting — > we deduce 

P(0=P(Ce)|JaCi*|(£e), VeeR", 

and we conclude by Lemma 12.111 using the fact that the multiplication law is tempered. 

Next, we let t the inversion map of G transported to R". We have in the transported coordinates: 

dclC) d£ dclO d{t(£)) daiO PlO 

and we conclude using what precedes and the temperedness of the inversion map on G. ■ 

We now consider the data of a pair (G, S) where G is a connected real Lie group with real Lie algebra g and 
5 is a real-valued smooth function on G. 

Definition 2.17 The pair (G, S) is called tempered (on the left) if the following two properties are satisfied: 
(i) The map 

(fi-.G'^g'-.x^ [g^R:Xh^ <\S^{X) = {X.S){x)] , (16) 
is a global diffeomorphism. 
(ii) The inverse map (j)^^ : g* ~ R™ — > G endows G with the structure of a tempered Lie group. 

Remark 2.18 Within the above situation, the function S is itself automatically tempered. Indeed, in the 
proof of Lemma [2.11[ we have seen that directional derivatives in the coordinate system are expressed as lin- 
ear combinations of left-invariant vector fields with tempered coefficients. Hence, within a basis {Xj}j^i,,,,^N 
of 0, denoting Xj := [XjS){x), we have dxjS{x) = ^k'rnj{x)xk where the m^'s are tempered. This 
implies that the partial derivatives (of every positive order) of S are tempered. In polar coordinates (r, 9) 
(associated to the x^'s) one observes that drS{r,9) = R{9)\dxkS where 9 belongs to the unit sphere S'^~^ 
and where R{9) is a (rotation) matrix that smoothly depends on 9. Hence: 



\Six)\ 



C+ f dpS{p,9)dp <\C\+f \R{9)'i\ p^'dp, 

Jro Jro 



which for large x is smaller than a multiple of some positive power of r. Therefore the function S as well as 
every of its derivative has polynomial growth. 
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Given a tempered pair (G, S), with q the Lie algebra of G, we now consider a vector space decomposition: 



N 



= 0K, (17) 



n=0 

and for every n = 0, . . . , N , an ordered basis {e"}j^i dim(v„) of y„. We get global coordinates on G: 

xi:= (^.S)ix), n-0,...,iV, j = 1, . . . , dim(l^„) . (18) 

We choose a scalar product on each Vn and let |.|„ be the associated Euclidean norm. Given an element 
A € we let A* the formal adjoint of the left-invariant differential operator A, with respect to the 

inner product of (G, do) ■ We make the obvious observation that A* is still left-invariant. Indeed, for 
tp^f & C^{G) and g £ G, we have 

Moreover, we make the following requirement of compatibility of the adjoint map on i^(G, dc) with respect 
to the ordered decomposition pT| . Namely, denoting for every n £ {0, ...,7V}: 



V^"^:=^Vk, (19) 



fe=0 

and within the notation ([T]), we assume: 

Vn = 0,...,iV, yAeU{Vn), 3BeZ^(T/("^) such that I* = B , (20) 
where the space U(V^''^^) is defined in ([7]). We now pass to regularity assumptions regarding the function S. 
Definition 2.19 Set 

E := exp{i5} . (21) 



A tempered pair {G,S) is called (left-) admissible, if there exists a decomposition |_?7| j with associated 
coordinate system Iil8\}. such that for every n = 0, . . . , N , there exists an element Xn G l/KVn) C U{q) whose 
associated multiplier an, defined as 

X„E =: a„E , 

satisfies the following properties: 

(i) There exist C„ > and p„ > such that: 

\an\ > C„(l + \XnC) , 

where Xn := (a;^)j=i,...,dim(y„) ■ 
(ii) For all n ~ 0, . . . , N , there exists a tempered function < /i„ S G°°(G) such that: 

(11.1) For every A g UiV'^"''^) C U{q) there exists Ca > such that: 

\Aan\ < Ca \ 

(11.2) The function fin independent of the variables {x^}j^i^...^dim{yr)? foT all r < n: 

^=0, Vr<n, Vj = l,...,dim(K.). 

OXr 

Remark 2.20 Similarly, using right- invariant vector fields one defines the notions of tempered pair on the 
right as well as ng/ii-admissibility. Those notions will be used [4] in a crucial way. 
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We start with a preliminary result, which gives an upper bound for powers of derivatives of the inverse of a 
multiplier, in the context of admissible tempered pairs. 

Lemma 2.21 Fix n ^ 0, . . . , N . Let a S C°°(G) be non-vanishing and 1 < fJ, G C°°{G) such that for every 
A g U{V'^"'^) there exists C > with \ Aa\ < C ii\a\. Fixing X € U{V^"'^), a monomial of homogeneous 
degree M g N, we consider the differential operator 

v a 

Then, for every r G N, there exist an element X' G ^(s) of maximal homogeneous degree bounded by rM 
and a constant C > such that for every $ G C°°{G) we have: 

\DxM < C^^-—\X'^\ . 

\ X,a \ - 1^1^ I I 

Proof. We start by recalling di Bruno's formula: 



where M = (^/i, • ■ • , M^) runs along partitions of r (i.e. r = J^^j) ^^^'^ where C^- is some combinatorial 

coefficient. Within Swcedler's notations ([2]), di Bruno formula then yields for $ G C°°{G): 



a 

(X) (X) 



where the second sum and product run over partitions of M(i-) := deg(X(i-)) < M and where the element Xj 
is of homogeneous degree j = 1, . . . , r. Of course, we also have that ^(i), ^(2) and Xj all belong to U{V'^"''>). 
Thus, \Xja\ < C{X) pi \a\, the estimation is satisfied for r = 1. For r = 2, we observe: 

{X) (X) (X),(X(2)) {X) 

Di Bruno' s formula for ^ then yields the assertion for r ~ 2. Iterating this procedure, we get that 

^^."*-En(^'-"^) (^'*) ' (22) 



(X) 3 = 1 



for some elements X^^\X' G where the maximal homogeneous degree of X^-*^ is bounded by jM. 

Therefore, Di Bruno's formula yields for every j = 1, . . . , r: 



a 



a J 



ni:,<ios(Xl'>) „dcg(X(^') jM 

< Gf^ < < G^ 

\a\ \a\ \a\ 



Therefore since ^'•'^^^^ < and ^ > 1, we get the (rough) estimation: 



\a\ ' ' ^ — ' \a\ 



which delivers the proof. 



18 



We now fix an admissible tempered pair (G, S) and for all n = 0, . . . , A^, we let X„ <E VI {Vn) as given in 
Definition 12 . 191 and we let Q!„,/i„ G C°°(G) be the associated multiplier and tempered function. Accordingly 
to the previous notations, we introduce the operators: 

Dn Dx„,a„ ■■ G°°(G) ^ G°°(G) , $ ^ (— $ 



Recall that by assumption, there exists Y„ S such that X* = and thus, we can apply Lemma 

l2.21l to these operators. For every r„ g N, accordingly to the expression (P^ . wc write 



where X^P € U(y^"'>) and its homo geneous degree is bounded by jMn, with Af„ the maximal homogeneous 
degree of X„ and where the one of X'^ is bounded by r„M„. Setting 



*n = n(^i^'^— ) , (23) 

we then write (abusively since in fact it is a finite sum of such terms): 

Given a iV + 1-tuple of integers r = (rg, . . . , rjv) G N^+^, we will be led to consider the operator 

D,, := D,„,...,,„ := Z?S° ■ ■ ■ D^^- , (24) 
and according to the previous notations, expressions of the form: 

Within Sweedler's notations, the latter is expressed as 



i{2r 

This leads us to define recursively the following quantities: 

*n+l,n,...,n-fc := {X'„_i,) ^.^^^ 'i>n+l,n,...,n-k+l € G°°(G) , (25) 
-'^k...,0 — (^o) (22) (^0 (22) ■ • ■ {^'n-2) (22) (^'^/V-l) (2)^7V ^ ^(s) . 

in terms of which we have (with the same abuse as in above): 

Bp = *o *1.0 *2,1,0 • • • *Ar,...,0 ^W,...,0 • (26) 

Lemma 2.22 Fix n ~ 0, . . . , N and let a e C°°{G) and fi £ C°° {G,M.*^) satisfying the hypothesis of Lemma 
[EM For j ^l,...,r andr e W, fix also X^^^ e Z^(T/(")) and define 



v.:^n(xO)l), 

where deg(X'^-')) < jAI, for a given M £N* . Consider a monomial Y G Z^(y^"''), then we have 
^ * = XI n (^^^'' ~) ^'^^ deg(F(^) ) < jM + deg(r ) , 

[Y) J = l 

and moreover there exists G > such that 

_ r^A/+rdcg(Y) 

ly^-l < . 
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Proof. The equality is immediate. Regarding the inequality, we first note that by virtue of di Bruno's 
formula, we have for a finite sum: 



Hence 



< < Ci— < — 



\a\ \a\ \a\ 

We then conclude as in the proof of Lemma 12.211 ■ 

From the lemmas above, we deduce an estimate for the 'coefficient functions' appearing in the expression of 
the differential operator D^? in (pS)) . 

Corollary 2.23 Let (G, S*) &e an admissible tempered pair with decomposition g = ®^^q Vn and accordingly 
to Definition \2.19\. for n = 0, ...,iV, we let (X„,a„,^„) e U{Vn) x C°°(G) x G°°(G) he the associated 
differential operator, multiplier and tempered function. Then, for k = Q, . . . , N and r^ G N*, with ^k,....o G 
C°°{G) defined in (|25p . we have 



Mi 



|*fc,...,ol < Cu ^ , 

for some finite non-negative constant Ck and where :— deg(X„), n — 0, . . . , N . 
Proof. Observe that 

where ^'fe is defined in (|23p . Since {Xj)(^2i2...) ^ with homogeneous degree of is bounded by rjMj 

for every j = 0, . . . , fc — 1, the estimate we need follows from Lemma [2.221 ■ 

We can now state the main technical results of this subsection. 

Proposition 2.24 Let (G, S) be an admissible tempered pair and let ^ be a tempered weight. Then, there 
exists r — (ro,...,rjv) g N^'*"^ such that for every element F G B^{G), the function Ti^F belongs to 
L^iG^dc). More precisely, there exist a finite constant G > and e N with K < '^k=o'''k^Ik <ind 
Mk = deg(Xk) (with Xk G UM^,{g) as given in Definition \2.19\) . such that for all F G B^{G), we have: 

||DpF||i<G sup supf^-^^} = G||F|U,^.oo. 



Proof. By Lemma [2. 161 in the coordinates (HH]), the Radon- Nicodym derivative of the left Haar measure on 
G with respect to the Lebesgue measure on g*, is bounded by a polynomial in {x^ , j — 1, . . . , dim(14,) , n = 
0, . . . , N}. By the assumption of temperedness of the weight pL, the latter is also bounded by a polynomial 
in the same coordinates. Now, observe from ([26| . that we have for any f — {ri, . . . ,rN) and for K = 
deg{X'^_,)<Zk=orkMk: 

\T>fF\ < |*o| |*i,o| |*24,o| • ■ • |*JV,...,o| |^^....,o ^1 

K,fJ,, QO • (27) 

This will gives the estimate, if we prove that the function in front of a',/^,oo h^ (EZl) is integrable for a 
suitable choice of r G N^+^. We prove a stronger result, namely that given R = {Rq, . . . ,R]y) G N^+^, there 
exists f= (rg, . . . , r^r) G N^+^ such that the associated functions 'i>k....,o (which depend on f) satisfy: 

|*o(a;)| |«'i,o(x)| |*2,i,o(a;)| . . . |*iv,...,o(a;)| < ^ 



(l + |a;o|)^"...(l + |xA,|) 
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From Corollarv l2.23l and writing r^Mk + ru X]^=o ''i-^^j = X]^=o ''"j^j' obtain the foUowing estimation: 

l^ol |*i,o| |*2,i,o| . . . |*iv,...,o| < C' n • 

fe=0 

Moreover, by assumption of temperedness, see Definition 12.191 (ii-1), there exist po, . . . , pjy > such that 



N 



Pk{x) 



|*o(x)||*i,o(x)||vI/2,i,o(x)| ... \^N,...A^)\ < Cll^ 



k=0 



From the hypothesis of Definition 12.191 (ii.2), we deduee that the element fi^ is constant. Indicating the 
variable dependence into parentheses, one also has 

PN-l = PN-lixN) , PN-2 ^ PN-2{xN-1,Xn) , ■■■ pi = pi[X2, ■ ■ ■ , Xn) , po = Pq{xi,X2, ■ ■ ■ ,Xn) ■ 



Denoting by m„, n = 0, . . . , A^, the degree of a polynomial function that, in the variables ()18p . dominates 
the tempered function /i„, we obtain the sufficient conditions: 

n— 1 k 
k=0 j=Q 

One checks inductively that the latter corresponds to: 

71 — 1 k 

ro > Pa^Ro and r„ > p,7^i?„ + Pn^^(^ ™fc Rk ^ Rj^^j) , n ^ 1, . . . ,N , 

k=0 j=0 

which is always achievable. ■ 

Let now £ be a complex Frechet space, with topology associated with a countable family of semi-norms 
{ll-llilieN- An immediate modification of its proof, lead us to the following version of Proposition 12. 241 fthe 
only difference with the former is that now the index K € N may depends on j via the order of the tempered 
weight pj). 

Proposition 2.25 Let (G, S) be an admissible tempered pair, £ be a complex Frechet space and let {/XjjjgN 
be a family of tempered weights. Then for all j G N, there exist fj G N^+^, Cj > and Kj € N, such that 
for every element F G B^^'^ {G,£), we have 

j WD,^F{g%dG{g)<C, sup sup{^^ML|=:Q||^^||,,K,,p,,oo. 
2.3 An oscillatory integral for admissible tempered pairs 

We are now prepared to define our notion of oscillatory integral. The latter follows from Proposition 12.251 
above, together with the identity 

with E the function on G defined in ((2T|) and the differential operator given in ((24)) . 

Definition 2.26 Let {G,S) be an admissible tempered pair, p a tempered weight, m an element ofB'^{G) and 
{/ijjjgN a family of tempered weights. Let also {/Lt^ j^gN be another family of tempered weights that dominates 
the family {pj}j^f^ (hence {p'jp}j^f^ dominates {pjp}j^fi). Associated to these weights, letfj G N^~^^, j G N, 
as given in Proposition \2.25\ and let Tip. be the differential operators given in ([24]) . Performing integrations 

by parts, the Dunford-Petit theorem U2f yields a B^^^^ {G,£)- continuous mapping 



V{G,£) ^ £ : F ^ [ mEF= [ E,T>p^{mF) 

JG Jo ' 
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Then by Lemma \2.8\ (v), the latter extends to the following continuous linear mapping: 

Jg 

that we refer to as an oscillatory integral. 

Our next aim is to prove that the osciUatory integral on ^'^^^^(G, £), does not depend on the choices made. 
So let fi, {fij}j(zf^ and {/i^}jgN as in Definition [22S1 Fix F £ B^^''^G,£) and chose a sequence {-FnlneN of 
elements of ViG^S) converging to F for the topology of B^^^^ {G,£). By definition of the oscillatory integral 
and undoing the integrations by parts at the level of smooth compactly supported f-valued functions, we 
first observe that: 

/ mE(F) = / mE( lim F„) = lim / mE(K) = lim / m(g) F„(.g) dG(g) , 

where the first limit is in 6^^^>(G,f) and the last two are in £. Then, the estimate of Proposition 12.251 
immediately implies that the limit above is independent of the approximation sequence {-FnlngN chosen. 
This shows that the oscillatory integral does not depends on the differential operators in Hp. used to define 

the extension (in the topology oi B^^^^ {G,£)) of the oscillatory integral from 'D{G,£) to B^^^^ {G,£). Last, 
to see that the oscillatory integral mapping is also independent of the choice of the family of dominant 
weights {/x^ ljgN chosen, it suffices to remark that the approximation sequence constructed in the proof of 
Lemma [2.61 (viii) can be used for any family such that n'j >- /ij. Of course this will hold provided 

that we can always find dominant weights. This is certainly the case if there exists a weight dominating the 
constant weight 1. Thus we have proven: 

Proposition 2.27 Let (G, S) an admissible tempered pair, £ a complex Frechet space, /i, pij be tempered 
weights and m £ B^{G). Assuming that there exists a tempered weight fic which dominates the constant 
weight 1, then the oscillatory integral mapping 

[ mE:S^^^>(G,£)^£, 
Jg 

does not depends on the choice of the integers fj G N^^^ and dominant weights {/ij} given in Definition 
12.26] Moreover, given F £ B^'^^^G,£), we have 

I m^{F)^ lim / m(5)E(5)K((?)dG(5) , 

Jg ^^°°Jg 

where {i^„}„gN is m arbitrary sequence in 'D{G,£), converging to F in the topology of B^^i^ {G,£), for an 
arbitrary sequence of weights {fJ-'j}, which dominates {/J^j}- 

Remark 2.28 Note that Proposition l2. 271 does not assert that the oscillatory integral on B^f^^^ {G,£) is the 
unique continuous extension of its restriction to 'D{G,£). 

We observe that the of existence of a tempered weight that dominates the constant weight 1 implies that 
every weight is dominated, which is crucial for the construction of the oscillatory integral. This leads us to 
introduce the notion of tameness below. We will see that this property holds for negatively curved Kahlerian 
groups, where we can use the modular weight. 

Definition 2.29 A tempered Lie group G, with associated diffeomorphism (/) : G ^ g* is called tame if 
there exist a Euclidean norm \.\ on q* , a tempered weight fi^ and two positive constants G,p such that 

+ </i0- 
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In the constant family case, i.e. for B^{G,£), we can express the oscillatory integral as an absolutely 
convergent one for each semi- norm 



/ niE{F) = [ ET>p{mF), FeB^'iG,£) 
Jg Jg 



where the label r G N^"''^ of the differential operator Tip is given by Proposition 12.241 and does not depend 
on the index j G N which labels the semi-norms defining the topology of £ . However, we cannot have access 
to such a formula in the case since in this case the label r G may depends on the index 

i e N. But from Proposition 12.251 we have the following weaker statement: 

Proposition 2.30 Let {G,S) an admissible and tame tempered pair, i£,{\\-\\j}) a complex Frechet space, 
l-i, be tempered weights and m G B'^{G). Then for every j G N, there exists rj G N"'^^"'^, such that for all 
we have 



[ mE(F) = / ET)p^{mF) 

Jg Jg 



IG JG 

where the right hand side is an absolutely convergent integral for the semi-norm 



13- 



Wc close this subsection with a natural result on the compatibility of the oscillatory integral with continuous 
linear maps between Frechet spaces. 

Lemma 2.31 Let {G,S) be an admissible and tame tempered pair, {£ , {\\-\\j}) and (J^ , {\\ -W'j}) two Frechet 
spaces and T : £ ^ F a continuous linear map such that for all J G N there exist l{j) G N and Cj > Q, such 
that for all a & £, we have |jT(a)||^ < Cj||a||;Q). Define the map T from C{G,£) to C{G,F), by setting 

{fF){g) ■.= T{F{g)) . 

Then, for any family {/ij} of tempered weights, T is continuous from B^^^^^'=''*{G,£) to B^'''''^^'>^^^-'{G,F). 
Moreover for any m G B^{G), with /i another tempered weight, we have 

t(^J mE(F)) = J mE{fF) . (28) 

Proof. The continuity of T is immediate from our assumptions. Indeed, for F G B^^^^ {G,£) and j,k G N, 
we have 

ll^pn, \\XT{F{g))\\'^ \\T{XFi9))\\'^ 

\\TF\\.k.a,„,.oo= sup sup — i= sup sup 



xeWfc(0)seG liiu)\X\k xeUk{B)aeG M;0)l^|/c 

xeUk{B)geG M/(j)l-'^|fe 



Repeating the arguments for B^'^^^*^ {G,£) {fj^rf, is the tempered weight associated to tamencss) instead 
of B^f'^HG,£), we see that both sides of (|28|) define continuous linear maps from to F. 

Moreover, it is easy to see that they coincide on T){G,£) and thus they coincide on the closure of T>{G,£) 
inside i3^^^^*'^(G,£), which contains B^'^'^ {G,£) by Lemma [2T8l (vi). as {/Xj/i^jjgN dominates {/ijjjgN- ■ 



2.4 A Fubini Theorem for semi-direct products 

The aim of this subsection is to prove a Fubini type result for the oscillatory integral on a semi-direct product 
of tempered pairs. We start with following observation: 
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Lemma 2.32 Let {£,{\\-\\j}) be a complex Frechet space, Gi, G2 be two Lie groups with Lie algebras Qi, 
02 and R g Hom(Gi, Aut(G2)) be an extension homomorphism. Consider {nj} a family of weights on 
the semi-direct product Gi Xr G2 with sub-multiplicative degrees {{Lj, Rj)}. Set also fj,ij and ^2,j for the 
restrictions of the weight fij to the sub-groups Gi and G2 and let di be the restriction of the modular weight 
(c.f. Examvle \2.3\) of Gi IXRG2 to Gi. Then the map 

FeG°°(Gi krG2,£)^F:= [gi e Gi ^ [g2 e G2 ^ F{g2gi)]] G G°° (Gi, G°°(G2, f )) , (29) 
sends continuously B^^'^'^iGi KRG2,f) to (Gi, S^''^':*^(G2, f )) . 

Proof. First, observe that for g e Gi Kr G2 with g = 5231, 51 £ Gi, 32 G G2, £ G°°(Gi Kr G2) and 
e 01, € 02, we have 

X\g,F{g,,g2)^X\gF{g), X2.,, 52) - R^Q^^) p^g) ^ (30) 

i»i .g 

where we use the same notation for the extension homomorphism and its derivative: 



02 02 , ^ ^ 



From this, it follows that the restriction of a weight on Gi Xr G2 to Gi or G2 is still a weight on Gi or 
G2. Indeed, given fj, a weight on Gi Kr G2, call fi\ i = 1,2, its restriction to the sub-group Gi and given 
X e U{Qi) call Xi its image in gi k 02. Then, Equation (pO)) yields X/z' = j = 1,2, which together 

with {jJL^y = in^Y , where fJ,"^ (g) := iJ,{g~'^), implies the first condition of Definition 12.11 is satisfied. Sub- 
multiplicativity at the level of each sub-groups G;, i ~ 1,2. follows from sub-multiplicativity at the level of 
Gi Xr G2 (with the same sub-multiplicativity degree). 

Moreover, also implies that for F e ^{^^^(Gi XRG2,f ), X^ e UkAdi), X"^ € Z^fe2(02) and ki,k2,j £ 
N, we have for (72^1 G Gi Kr G2: 

\\X\,,X\g,F{9u92)h = \\(X^-R.'^')F){g2g,)\\, 



<c{h,k2)\x%,\x%,\ii-^\k, sup W'^Pia^ai)] 



3 



<C{k,,k2)\X\, |R -i| 

j.ki-\-k2-,fJ'j -.OO 

< G'(fci, fc2) \x%, \x%, Mgi)"' f^jigif' ^,(.92)^^- \\FUk,+k,,f.„o. , 

by Lemma |2.9[ since for gi G Gi, Rg^ coincides with the restriction of Adg^ to 02- Thus, labeling by 



(.7: ^2)^1^^ the semi- norms ||.||. I,, of S^^2',}(G'2,f), we finally get: 

j,k2 ^M2,j '"-^ 

ll^ll(j,fc2).fci,Mj'^.Dj^oo ^ G'(/Ci,fc2) \\F\\JM^ + k,,^.,,oo , 

which completes the proof. ■ 

Now, assume that the groups Gi and G2 come from admissible tempered pairs (Gi,S'i) and (G2,S'2)- 
Parametrizing g = g2gi G Gi Kr G2 with gt £ Gi, i = 1,2, we can then set 

5:GiKrG2^M, g2gi ^ Siigi) + 82(32) , (31) 
and with ((2T|) . we set accordingly 

E(52gi) := Ei(.gi)E2(g2) ■ 

Assume further that Oi, the restriction of the modular weight on Gi Xr G2 to Gi is tempered. Thus for 
m € S^(Gi XRG2) with /i a tempered weight, and with rh the associated function on Gi x G2 as constructed 
in , Lemma 12.321 shows that the map 

B^^^HGi^nG2,£)^£ , F^f E2 ( / Ei(mF)), 
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is well defined as a continuous linear map. Thus under these circumstances, this map could be used as 
a definition for the oscillatory integral on the semi-direct product Gi Kr, Moreover, when the pair 
{Gi ^rG2, is also tempered and admissible and when the extension homomorphism preserves the Haar 
measure dcai then the map above coincides with the oscillatory integral on Gi Kr as given in Definition 
12.261 This is our Fubini-type result in the context of semi-direct product of tempered pairs: 

Proposition 2.33 Within the context of Lemma \2.32l assume further that the groups Gi and G2 come from 
admissible and tame tempered pairs (Gi,5'i) and (02,5*2) and, with S defined in (j3ip . that (Gi KrG2,S') is 
admissible, tame and tempered too. Assume last that the extension homomorphism R G Hom(Gi, Aut(G2)) 
is tempered and preserves the Haar measure dpa • Let also l-i,fJ-j, j G N, be tempered weights on the semi- 
direct product Gi Kr G2. Then, for F e Bi^'^^Gl Kr G2,S), m e 6'^(Gi Kr G2), with F and m the 
associated functions on Gi x G2 as in (P^j) . we have 



Em(F)=/ E2 / Ei(mF) . (32) 

Gi><R,G2 JG2 ^JGi ' 

Proof. Since R is tempered, Oi, the restriction of the modular weight on Gi Kr G2 to Gi is tempered 
on Gi. Thus by Lemma [2.321 the right hand-side of ([5^ is well defined as a continuous linear map from 
B^'^i^{Gi Kr G2, £) to £. Note also that by our assumptions that the pair (Gi Kr G2,S) is tempered and 
admissible, the left hand side of ([5^ is also well defined as a continuous linear map from6{^^>(GiKRG2,f)to 
£, too. Now, take F G 2?(Gi KrG2,S) and associate to it F e I?(Gi,I?(G2,f )) as in |29|). By construction, 
we have 

/ Em (F) = / E(5) m(g) Fig) dc.^^G, (5) ■ 

Since the extension homomorphism R preserves dcai we have for 51 G Gi, 52 € G2: 

dGiiXRG2(.92.gi) = dGi(ffl)dG2(S2) , 

which, by the ordinary Fubini Theorem, implies that 



i 



Em{F)^ f E2(52)(/ Ei(5i)m(g25i)J^(525i)dGi(5i))dG2(52)- / E2 ( / Ei(m/') 

J Go. ^ G\ >J Go ^G\ 



GiKr,G2 ^ G2 J G\ J G2 J G\ 

Thus, both sides of ([5^ are continuous linear map from B^^^^"*"^ {G\ XRG2,f ) (//^ is the tempered weight on 
Gi Kr G2 associated with tameness) to E and coincide on Ti(G\ Kr G2,f ). Therefore, these maps coincide 
on the closure of ^(Gi Kr G2,£) inside B'^^^^*^ {G\ kr G2,f ). One concludes using Lemma HUKvi), which 
shows that the latter closure contains B^^^^[G\ Kr G2,f ). ■ 



2.5 A Schwartz space for tempered pairs 

In this subsection, we introduce a Schwartz type functions space, out of an admissible tempered pair (G, S) 
and prove that it is Frechet and nuclear. Our notion of Schwartz space is of course closely related, if not 
in many cases equivalent, to other notions of Schwartz space on Lie groups, but the point here is that it 
is formulated in terms of the phase function S only. This is this formulation that allows to immediately 
implement the compatibility with our notion of oscillatory integral. 

Definition 2.34 Let (G, S) be a tempered pair. For all X e U{q), we let ax := E^^ XE e C°°{G), where 
E is defined in (|2ip . Then we set 

5^(G) :={/€G°°(G) : \fX,YeU{g), VjiGN, sup |a^(a;) (?/)(a;)| < 00} . 

xeG 

We first prove that this space is isomorphic to the ordinary Schwartz space of the Euclidean space q* . 
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Lemma 2.35 Let (jj : G ^ q* be the diffeomorphism underlying Definition \2. 17\ associated to an admissible 
tempered pair (G^S). Fixing a Euclidean structure on g*, denote by S{q*) the ordinary Schwartz space of 
0*. Then, S^{G) coincides with 

5^(G) {/ e C°°(G) : / o e S{g*)} . 

In particular, endowed with the transported topology, (G) is a nuclear Frechet space. 

Proof. Recall that / e S't'{G) if and only if for all a, /3 G we have 

sup|ra'3(/o0-^)(O| <oo, (33) 

while / e 5^(G) if and only if for all X,Y € ll{g) and all n e N 

sup|aj(x)(r/)(a;)| <oo. (34) 

Fix {Xj}^™''^' a basis of g and let {■^j}^™''"^'' the dual basis on q*. From the same methods as in Lemma 
12.161 one can construct an invcrsible matrix M(^) which is tempered with tempered inverse and which is 
such that in the ^-coordinates 

dim(G) 

i=l 

Since by Remark 12.181 5* is tempered, for all X G the associated multiplier ax in (^-coordinates is 

bounded by a polynomial function on g*. Last, since the pair (G, S) is admissible, associated to the vector 
space decomposition g = ®/;=o there exist elements Xk G U{Vk) and constants pk > such that 

N 



k=0 



Putting these three facts together gives the equality between the two sets of functions on G and the equiva- 
lence of the topologies associated with the semi- norms ([33]) and (p4|) . ■ 



More generally, when f is a complex Frechet space with topology underlying a countable set of semi-norms 
{IMIj}j6N, we define the f-valued Schwartz space associated to a tempered pair (G, 5) as 

5^(G,£) := |/eG°°(G,f) : V X,Y e U{q) , V n, j e N , sup |a^(a;)| || (? /) (a;)|| , < cx)| . 

Note that, when admissible, by nuclearity of S^{G), we have S^{G, £) — S^{G)®£ (for any completed tensor 
product). 

Remark 2.36 In the context of tameness and admissibility, we deduce from Lemma [2.351 that S^{G,8) is 
a Frechet space for the topology associated with the semi-norms 

.fi^{x)"\\Xf{x)\\.. 

l\\j,k,n,oo ■■ f eS'^{G,£)^ sup sup<^ — j,k,neN, 

XeWfc(g)xGG \X\k > 

where /i^ is the weight associated to the tameness of the admissible tempered pair (G, S). This is this set of 
semi- norms that we are going to use, rather than ([33)1 or (p4|. 



2.6 Bilinear mappings from the oscillatory integral 

We now present several of results which establish most of the analytical properties we will need to construct 
our universal deformation formula for actions of Kahlerian groups on Frechet algebras. In all what follows, 
when considering a Frechet algebra (^, {|| -H jjjeN), we will always assume that the semi-norms are sub- 
multiplicative, i.e. 

\\ab\\j<\\a\\j\\b\\j, ya,bcA, V j G N . 
We start with a crucial result. Its proof being very similar to those of Lemma [2. 10) we omit it. 
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Lemma 2.37 Let {A, {\\.\\j}j<£n) be a Frechet algebra and let {fJ-j} and {fJ-'j} be two families of weights with 
sub -multiplicative degrees respectively denoted by {{Lj , Rj)} and {{Lj,Rj)}. Then the bilinear mapping 



7^(g)7^ 



{F,F') G C'^{G,A) X C^iCA) 
{x,y)eGxG^ {RIF)(R;F') :^ [g e G ^ F{gx)F\gy)] e a] e {G x G,C°°(G,^)) 



IS jointly continuous from, B^^'^^G,A) x B^^''^^G,A) to B^^''^' ^f"'^"'^"^ (g x G, S^^'''^^'''^(G,y^)) , with 
the modular weight (see Examvle \2.3]) ofGxG. 

More precisely, labeling by {j,k) g the semi-norm ||.|| ^ ^l>. of B^'^j ^'{G,A), for all {j,k,k') 
in N^, there exists G >0 such that for all F e S^^J>(G,yt), F' e B^^'j'' {G , A) , we have 

Theorem 2.38 Let (G x G,S) be an admissible and tame tempered pair. Let also m e B'^{G x G,C) for 
some tempered weight ^ on G x G and let {/^j}, {li'j\ be two families of weights on G with sub-multiplicative 
degrees respectively denoted by {(ij, Rj)} and {{L'^, R'j)}, such that the weights fij ® fi'j, j G are tempered 
on G X G. Then, for any Frechet algebra (A, the oscillatory integral 



*<j := \{F,F')^ [ mE o TZ(»TZ{F,F')\ , (35) 



defines a jointly continuous bilinear map from i3{w}(G,yl) x B^'''^HG,A) to 6^^/^^ '^^<^"iG,A). More 
precisely, for any {j,k) G there exist G > and I G N such that for any F G B^^^'^ {G, A) and F' G 
S^^^>(G,yt), we have 

\\F^sF'\\ Lj ,L' <G\\F\\.ji_f^ oo\\F'\\ji,i^i_' oo- 
In particular, one has a continuous bilinear product (not necessarily associative!): 

★5 : B{G,A) X B{G,A) B{G,A) . 

Proof. By Lemma 12.371 the map 

7^«)7^ : B^^'''>{G,A) X B^'''^\G,A) 6{A'f'®''^''^f'">o.'=)e"xN f^c x G , i3^^^"^'''^^-^"(G,yl)^ , 

is a jointly continuous bilinear mapping. By tameness, for every index (j, k), the tempered weight fJ..{iJ-f^ (X) 

^'^^'X)^) is dominated. Hence the oscillatory integral composed with TZ ® TZ is well defined as a jointly 
continuous bilinear mapping. The precise estimate follows by putting together Lemma 12.371 Proposition 
Holland Proposition [23ni ■ 

We now discuss some issues regarding associativity of the bilinear mapping -ks- To this aim, we need to show 
how to compute the product F -ks F' as the limit of a double sequence of products of smooth compactly 
supported functions. 

Lemma 2.39 Within the context of Theorem\2JM for F e S^''^>(G,y^) and F' G B^'''^'> (G , A) , we let {F„}, 
{f^} be two sequences in I?(G,^) converging respectively to F and F' for the topologies of B^^^^{G,A) and 
B^f^'i^iG^A) with{fLj} andifi'^}, any families of weights on G which dominate {nj} and {fJ^'j} respectively. 

Then we have in 6^^^^^'''>^-^«(G,y^).- 

F-kgF' = hm lim F^ *s F^, = lim lim F„ F^, . 
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Proof. Note that the family {jlj ' ® fi'j }(j,fc) dominates the family {fi^ ^ (g) ii'j }{j^k) a-nd consequently, 
we may view TZ (g) TZ{F, F') as an element of 

By the estimate of Theorem 12.381 we know that for all j, fc S N, there exists I e N such that 

11^*5 ^^'11 , <C(fc,j)||^^||,,,,^^,oo|l^^'|i,V,A',oo . 

One then concludes by writing F*5 F' — Fn *s Fn' = i-F — Fn) *s F' + F„ *s (F' — F,^,) and using that the 
semi-norm \\.\\j,k,fi^j,oo is dominated by \\.\\jM^fj.j,oo and \\.\\j,k,fir.,oo by ||.||j,a;,^^,oo- ■ 

Remark 2.40 In other words, within the setting of Lemma [2.39) we have in 

F*sF'= lim / I]{x,x')ni{x,x')R*{Fm)K,{F;^)dG{x)dGix') , 
for suitable approximation sequences {Fn},{Fl^} C I?(G,^). 

Definition 2.41 Within the context of Theorem \2.38[ we say that the product -ks? given in (j35p . is weakly 
associative when for all "01, "02, "03 G 2?(G, A), one has (01 -kg 02) *5 03 = 0i *5 (■02 *s 03) in B{G, A). 

Proposition 2.42 Within the context of Theorem \2.38[ weak associativity implies strong associativity in the 
sense that, when weakly associative, for every further family of tempered weights {fJ-j} with sub -multiplicative 

degrees denoted by {{L'^ , R'j)} and every element {F,F',F") e B^^'^^G,A) x B^^^'^^G^A) x S^^i>(G,yi), 
one has the equality {F-ks F') *s F" = F*s {F' *s F") m '^''^ ^(G,y^). 

Proof. Let jj,^ a tempered weight on G x G which dominates the constant weight 1 (it exists by assumption 
of tameness.) Consider the element i/^ G C°°{G) defined by 2^0(5) := ^^(ffi s). The latter is then a tempered 
weight on G that dominates 1. Hence, all the weights fJ-j,fi'j and are dominated e.g. by Vj := ly^fij^i/'^ := 
v^^j-'j and v'J := v^pi'- respectively. 

Let us consider sequences of smooth compactly supported elements {$n}neN , {'fJi'jn'eN and {$"//}n"eN 
that converge to the elements F,F' and F' respectively in B'^"'"' {G,A) , B^'''^^{G,A) and B^"'^"i {G , A) . 
Using separate continuity of and Lemma 12.391 we observe the following equality: 

lim ( lim ( lim [{^,,^3 ^'w) *s K"])) = [F F') F\ 

n— >oo \ n'— >-oo \n"— foo / / 

in B^^i ''j ' (G^A). One then concludes using weak associativity and the commutativity of the limits, 

as shown in Lemma 12.391 ■ 

In subsection 12. 5[ we have seen how to associate in a canonical way a Schwartz type functions space to a 
tempered, admissible and tame pair. Hence, starting with such a pair (G x G, 5), we get a Schwartz space 
on G X G. We can also define a one-variable Schwartz space using the continuity of the partial evaluation 
maps: 

Definition 2.43 Let (G xG, S) a tempered admissible and tame pair and A be a Frechet algebra. We define 
the A-valued Schwartz space on G associated to S by 

S'{G,A) -.^[[geG^ /(.g,e)] , / e S'{G xG,A)}. 

We endow the latter with the topology induced by the semi-norms: 

./i0,i(x)"||X/(x)|| .-, 

||/||j.fc.«,oo sup sup <^ — ^ \ , j, fc, n e N , (36) 

X<£Ui,{s)xeG ^ \-^\k J 

with /i0_i(x) := /i0(x, e) and /i^ the tempered weight onGxG associated with the tameness fDefinition \2.29\) . 
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The next Lemma shows that the right action on the space of £-valued Schwartz functions, leads us to a 
S-type space for family of weights too. 

Lemma 2.44 Let (G x G,S) be a tame and admissible tempered pair, (A, be a Frechet algebra 

and {fJ-j} be a family of tempered weights with sub-multiplicative degrees denoted by {{Lj, Rj)}. Then, for all 
elements F e B^^''^G,A) and if G S^{G,A), the element (TZ (E) TZ){F, ip) (defined in Lemma \2.S7\ ) belongs 
to B^f'^-''-"^G X G,S'^{G,A)) with 

H,k,n (/if ® l^Z^"^y , J, fc, n G N , 

where n^^i is given in Definition \ 2.4S\ is the modular weight of G x G, P is a certain polynomial and 
{j,k,n) is the labeling of the semi-norms (j36p of S^{G,A). 

Proof. Using Sweedler's notation we have for X e Ukio), Yi G Ukiis), Y2 G Z^/fcaCfl): 

Xg. ((?! ® ?2)(,,,). {KF{g)R;^{g))^ = ^ {{Ad,-.X,rnF){gx) ((Ad,-iX2)~y2^) (<?a;) , 

(X) 

which yields the following estimation for arbitrary n G N: 
11^3. ((?i ® r2)(,,,). 

<El^a)W^(2)WAd-^MAV^M>'iU-J>'2k. sup sup \l^fMk 

^ 1^(1) U 1^(2) |fe|Ad^-i|/c |Ady-i|fc |Yi|fejy2|fe2 H{9x)f^^^i_{gy) \\F\\j^k+k,.f,,..oo ||^||j./c+fe2,«,oo , 

which by Lemma 12.91 and the estimate (jlip is bounded by a constant times 

|^|fe|yiUil>1j|fc2 '^{x^y)'^'' IJ-jigx) fj.^'{{gy) \\F\\j^k+ki,f,j,^ \\f\\j,k+k2,n,oo ■ (37) 
Setting (L, R) for the sub-multiplicative degree of and using 

ti^igy) < f^Z^"'ig)iJ-^!f{y^^) , y,g^G , 

we see that ([57]) is bounded by 

\X\u\Y,\u^Y2\k2^x,yf^^,';^{g)^,f{x)^iZ'''i9^^^^^^^ 

So given G N, it suffices to chose n G N such that /if M,/, 1^^ ^ f-^^ and the polynomial P such that 
^nL/_R ^ fj.'^^^\ The result follows immediately since is a tempered weight by Remark 12.21 ■ 
We then deduce the following important consequence of Lemma 12.441 

Proposition 2.45 Let (G x G,S) be a tame and admissible tempered pair, A a Frechet algebra, {nj} a 
family of tempered weights, such that the weights fij (X) 1 are tempered on G x G and m G B^{G x G,C) 
for some tempered weight fi on G x G. Then the bilinear map *s, defined in psp . is jointly continuous on 
S^{G,A) and one has the jointly continuous bi-linear map: 



*s : ^G,A)xS'^{G,A)^S''^{G,A): {Fip) ^ L^, (F) : ip ^ F irg 



Remark 2.46 In the context of the proposition above, observe that the restriction to S^{G, A)xS^ {G, A) of 
the bilinear product (|35)) . we have the (point- wise and semi-norm- wise) absolutely convergent expression: 



Jgxg 
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3 Tempered pairs for Kahlerian Lie groups 



The aim of this section is to endow each negatively curved Kahlerian Lie group with the structure of a 
tempered, tame and admissible pair. Recall that a Lie group G is called a Kahlerian Lie group when 
it is endowed with an invariant Kahler structure i.e. a left- invariant complex structure J together with a 
left-invariant Riemannian metric g such that the triple (G, J,g) constitutes a Kahler manifold. Within the 
present work, we will be concerned with Kahlerian Lie groups whose sectional curvature is negative. We call 
them negatively curved. 

3.1 Pyatetskii-Shapiro's theory 

The following definition, due to Pyatetskii-Shapiro |17j . describes the infinitesimal structure of negatively 
curved Kahlerian Lie groups. 

Definition 3.1 A normal j-algebra is a triple (b,a,j) where 

(i) b is a solvable Lie algebra which is split over the reals, i.e. adx has only real eigenvalues for all X € b, 
(a) j is an endomorphism of b such that = —1 and 

[X,Y] +i[X,jY] - [jX,jY] = 0, X,Yeb, 

(Hi) a is a linear form on b such that 

a{[iX,X])>0 if X ^0 and a{[iX,jY])^a{[X,Y]), X,Yeb. 

We quote the following structure result from [17] . 

Proposition 3.2 The Lie algebra of a negatively curved Kahlerian Lie group always carries a structure of 
normal j-algebra. 

If fa' is a sub-algebra of fa which is invariant by j, then (fa', a|b', j|b') is again a normal j-algebra, called a j- 
sub-algebra of (fa, a, j). A j- sub-algebra whose underlying Lie algebra fa' is an ideal of fa is called a j-ideal. 

Example 3.3 Every Iwasawa factor AN of the simple Lie group SU{l,n) is naturally a negatively curved 
Kahlerian Lie group. Indeed, denoting by K ~ U{n) a maximal compact sub-group of SU{l,n), one 
knows that the associated symmetric space G/K is a negatively curved Kahlerian ^^/(l, n)-manifold. The 
associated Iwasawa decomposition SU{1, n) = ANK then yields a global diffeomorphism between G/K and 
AN . Transporting to AN the Kahler structure on G/K under the latter diffeomorphism, then endows AN 
with a negatively curved Kahlerian Lie group structure, called elementary after Pyatetskii-Shapiro. 

The infinitesimal structure underlying an elementary normal j-group (cf. the above Example 13. 3p may be 
precisely described as follows. Let {V,U!'^) be a symplectic vector space of real dimension 2d. We consider 
the associated Heisenberg Lie algebra \) := V (B M.E. That is, [) is the central extension of the Abelian Lie 
algebra V, with brackets given by 

[vi,V2]:^uj''{vi,V2)E, vuV2eV, [E,X]:=0, X e t) . 

Definition 3.4 Setting a :— WH , we consider the split extension of Lie algebras: 

0->[)-J'S:=aKp|^f)^>a->0, 

with extension homomorphism pi, : a — > Der(f)) given by 

pt,{H){v + tE) ■.= [H,v + tE]:=v + 2tE, veV, teR. (38) 

The Lie algebra s is called elementary normal. Last, we denote by § the connected simply connected Lie 
group whose Lie algebra is s and we call the later an elementary normal j-group. 
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Note that S is a solvable group of real dimension 2d +2 and ii V = {0}, S is isomorphic to the affine group 
of the real line. 

It turns out that every negatively curved Kahlerian Lie group can be decomposed into elementary pieces: at 
the infinitesimal level, one has the following result, due to Pyatetskii-Shapiro [T7]- 

Proposition 3.5 Let (b,Q;,j) be a normal algebra. Then, there exists, a one- dimensional ideal of b and 
V, a vector subspace ofb, such that setting a := j3, the algebras :~ a(BV(S} underlies an elementary normal 
yideal ofb. Moreover, the associated extension sequence 

— >5 — >b — >b' — ^0, 

is split as a sequence of normal j- algebras and such that: 

[b',a©3]=0 and [b',V](lV. (39) 

In particular, every normal j-algebra b admits a decomposition as a sequence of split extensions of elementary 
normal j-algebras Si, i — 1, . . . , N, oi real dimension 2di + 2, di E N: 

( . . . (sjv X Sat-i) k • • • k S2) k Si , 

such that for alH = 1, . . . , — 1 

[(sat X . . .) X Si+i, ® = and [(sjv t< . . . ) k s^+i, C . 



Definition 3.6 A normal j-group B, consists in a connected simply connected Lie group that admits a 
normal y algebra as Lie algebra, i.e. B = exp{b}, where b is a normal '}- algebra. 

A the group level, for i = 1, . . . ,N — \, call the extension homomorphism at each step: 

e Hom((§Ar K . . . ) K §,+1, Aut(Si)) . (40) 

The conditions given in ([M]) implies that R' takes values in Sp(l/i, wf), where {Vi,ijj^) denotes the symplectic 
vector space attached to S^. 

3.2 Geometric structures on elementary normal j-groups 

In this subsection, we review the properties of a symplectic symmetric space structure every elementary 
normal j-group is naturally endowed with. The phase function with respect to which an admissible tempered 
pair will be associated to later on, was defined in [5] in terms of this symplectic symmetric space structure. 
We start with the definition of a symplectic symmetric space as in [I] which is an adaptation to the symplectic 
case of the notion of symmetric space as introduced by O. Loos [16) . 

Definition 3.7 A symplectic symmetric space is a triple {M,s,u!) where 
(i) M is a connected smooth manifold, 
(ii) s is a smooth map 

s: M X M ^ M , {x, y) s.^{y) := s{x, y) , 

such that: 

(11.1) For every x € M, the partial map '. M M is an involutive diffeomorphism admitting x as 
isolated fixed point. The diffeomorphism Sx is called the symmetry at point x. 

(11.2) For all points x and y in M , the following relation holds: 

Sx O Sy O .Sx — ^Sx{y) • 
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(Hi) Lu is a non- degenerate differential two-form on M that is invariant under the symmetries: 

sluj = uj, Vx e Af . 

A morphism between two symplectic symmetric spaces is defined as a symplectomorphism that intertwines 
the symmetries. 

The following result, attracted from [1], explains why a symplectic symmetric space is indeed a symplectic 
manifold: 

Proposition 3.8 Let X and Y be smooth tangent vector fields on M. Then the formula: 

defines an affine connection on M called the canonical connection. It is the unique affine connection on 
M which is invariant under the symmetries. Moroever, V is torsion-free and its Riemann curvature tensor 
field is parallel. Last, the two-form w is parallel as well: 

Vw = . 

In particular, the two-form uj is automatically closed, hence symplectic. 

Symplectic symmetric spaces always carry a preferred Lie group of transformations [1] : 

Proposition 3.9 The automorphism group of {M,s,uj): 

kut{M,s,uj) Symp(A/,w) n Aff(V) , 

constituted by the affine symplectic transformations of M is a Lie group of transformation of M that acts tran- 
sitively on M. Its Lie algebra is called the derivation algebra of {M,s,uj) and is denoted by out(Af, s, w). 

We now pass to the particular case of a given 2fi+2-dimensional elementary normal j-group § with associated 
symplectic form . Let a,t G M and i; € y ~ M?"^ . The following identification will always be understood: 

R2rf+2^5^ x:={a,v,t)y^ aH + v + tE . 

The following result is extracted from [Zl El [3] : 

Proposition 3.10 Let § be an elementary normal y group. 

(i) The map 

s— >§, (a, t) exp(ai/) exp(u + = cxp(ai/) exp(u) exp(tiJ) , (41) 
is a global Darboux chart on (§, ufi) in which the symplectic structure reads: 

ui^ := 2da A dt + w° . 

(a) Setting furthermore 

S{a,v,t) (a', v', t') := (2a - a', 2 cosh(a - a')v -v',2 cosh(2a - 2a')t + lj°{v, v') sinh(a - a') - t') , (42) 
defines a symplectic symmetric space structure (§, s,a;^) on the elementary normal y group §. 
(Hi) The left action Lj; : § — > § : x' i— > x.x' defines a injective Lie group homomorphism 

L : § ^ Aut(S,s,a;^) . 

In the coordinates (|4ip . we have 

x.x' = (a, V, t).{a, v\ t') = (a + a', e""'w + v' , e^^^'i + i' + ie"°'a;"(w, v')) . 

and 

x-^ = (a, w, ty^ = (-a, -e°-v, -e^°-t) . 
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(iv) The action R : Sp(V,cj'^) x § — > §, {A, {a,v,t)) R^(a,?;,i) := {a,Av,t) by automorphisms of the 
normal j- group § induces an injective Lie group homomorphism: 

R:Sp(y,w°)^Aut(§,s,a;^), A^Ka- 

In fact, Sp(y,cjO) ~ Aut(S) n Aut(S, s, w^). 

Note that in the coordinates (HU, the modular function of §, Ag, reads e(^''+^)°. 

We now pass to the definition of the three-point phase on §. For this we need the notion of "double geodesic 
triangle" as introduced by A. Weinstein ^7} and Z. Qian pS] , 

Definition 3.11 Let (A/, s) be a symmetric space. A midpoint map on M is a smooth map 

M X M M , (x, y) 1-^ mid(x, y) , 

such that, for all points y in M : 

%id(x,y)(a;) = y ■ 

Remark 3.12 Observe that in the case where the partial maps : M ^ M, x H> Sx{y) are global 
diffeomorphisms of M, a midpoint map exists and is given by: 

mid(a;,y) (s^)"^ (y) . 

Note that in this case, every Lp € Aut(A/, s) intertwines the midpoints. Indeed, since for all x,y € M we 
have (p{sy{x)) = s^^y)(ip{x)) , we get 

(p(mid(.T,y)) ^ mid{ip{x) , ip{y)) . 

An immediate computation shows that a midpoint map always exists on the symplectic symmetric space 
attached to an elementary normal j-group: 

Lemma 3.13 For the symmetric space (S, s) underlying an elementary normal j-group, the associated partial 
maps are global diffeomorphisms. In the coordinates (|4ip. we have: 



) .[a,V,l)^y 2 '2cOSh(^^)'2cOsh(a-ao) ^ ' °^cosh(a^ao)cosh(^i^)J ' 

The following statement is proven in [3]. 

Proposition 3.14 Let § be an elementary normal y group. 

(i) The affine space (§, V) is strictly geodesicaly complete, i.e. two points determine a unique geodesic arc. 
(a) The "double triangle" three-point function 

$ : ^ §^ , (a;i,a;2,a;3) (mid(a;i, a;2), mid(2;2, 0:3), mid(a;3, xi)) , 
is a S-equivariant (under the left regular action) global diffeomorphism. 

Since our space § has trivial de Rham cohomology in degree two, any three points {x, y, z) G §^ define an 
oriented geodesic triangle T{x, y, z) whose symplectic area is well-defined by integrating the two-form oj^ on 
any surface admitting T{x, y, z) as boundary. With a slight abuse of notation, we set 

Area(.,y,.):= / 
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Definition 3.15 The canonical two-point phase associated to an elementary normal j- group is defined 
by 

5i„(xi,a;2) := Arca($-i(e,a;i,X2)) G C^^i^^R), 
where e :— (0,0,0) denotes the unit element in §. In the coordinates (|4ip . one has the explicit expression: 

'^can(^i' •'^2) = sinh(2ai)i2 — sinh(2a2)ti + cosh(ai) cosh(a2) uj°{vi,V2) ■ (43) 

The canonical two-point amplitude associated to an elementary normal y group is defined by 

^f^„(a;i,a;2) := Jac<i,-i(e,a:i,a;2)^/^ G C°°(§^M). 

In the coordinates (j4ip . it reads 

^can(^i' •'^2) = (cosh(ai) cosh(a2) cosh(ai — a2))'^( cosh(2ai) cosh(2a2) cosh(2ai — 202))^^^ . (44) 
3.3 Tempered pair for elementary normal j-groups 

The aim of this technical subsection is to prove that the pair (S x §, S^^^^) is tempered, admissible and tame. 
We start by splitting the 2o?-dimensional symplectic vector space (y,a;°) associated to an elementary normal 
j-group § into a direct sum of two Lagrangian subspaces in symplectic duality: 

y = r © [ , 

and for every v :— {x, y) G I* O I, we set xy := lo'^^x, y). The following result establishes temperedncss. 
Lemma 3.16 The pair (§ x §, S^^^) is tempered. Moreover, the Jacobian of the map 

0:§x§^ (s©s)*, g^ [Xes®s^ (X.5fJ(g)] , 
is proportional to (A^^^)^ . 

Proof. Let us fix {fj}j^i, a basis of to which we associate {ej}'^^^ the symplectic-dual basis of [, i.e. it 
is defined by w°(/i, cj) ~ Sij. We let E the central clement of the Heisenberg Lie algebra f) C s and H the 
generator of a in the one dimensional split extension which defines the Lie algebra s: 

0^f)^s^a^O, 

Accordingly, we consider the following basis of s ® s: 



Hi 
El 



= i/e{0}, H-2 

= ® {0} , e] 
= S e {0} , E2 



{0}®H , 

{0}©/, , 
{0}. 



) e 



3 ' 



{o}®£; 



where the index j runs from 1 to d = dim(y)/2. From Proposition 13.1(71 in) and with the notation v ~ 
{x, y) e [* © I = y , we see that the left-invariant vector fields on § are given by: 

H = da ~ Ei=i(a^j'9^, + Vjdy,) - 2tdt , 

^" = J^ll?' (45) 

E = dt. 

Thus, we find 

Hi S'f^„ = 2cosh(2ai)t2 + 2 sinh(2a2)ii - e^"^ cosh(a2)w°(wi, '(;2) , Ei S^^^ = -sinh(2a2) , (46) 
H2 = -2cosh(2a2)ti - 2 sinh(2ai)t2 - e""^ cosh(ai)w°(ui, W2) , E2 5^^^ sinh(2ai) , 
fj '5'can = cosh(ai) cosh(a2)y2 + 5 sinh(2a2)y^ , Sfan = - cosh(ai) cosh(a2)y^ - ^ sinh(2ai)?/^ , 

e] S^^^ = — cosh(ai) cosh(a2)a;2 — \ sinh(2a2)a;j , e| S^^^ = cosh(ai) cosh(a2)a;{ + i sinh(2ai)a;2 . 
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A computation then shows that the Jacobian of the map (j> -.E x E> ^ (s s)*, underlying Definition 12. 171 is 
given by 



2^''+^(coshai cosha2 cosh(ai - az))^'' cosh2ai cosh2a2 cosh2(ai - 03) = 2^^^+^ Af^„(ai, 03)^ > 2^"^+^ 



and hence (/> is a global diffeomorphism. It is also clear from Proposition 13.101 iii). that the multiplication 
and inversion maps on S x § are tempered function in the coordinates pS)) . Therefore, the pair (S x §, Sf^^^) 
is tempered. ■ 



Remark 3.17 Note that the formal adjoints of the left invariant vector fields (|45p . with respect to the inner 
product of L^(§, ds) read: 

H* = -H + 2d+2, I* = -J,. e* = -e,, E* = -E , 

so that the assumption ((20)) is trivially satisfied. 



We will now prove that the tempered pair (§ x §, S'fan) is admissible and tame. For this, we need a decom- 
position of the Lie algebra s and we shall use the following one: 

3 

s = Vfc where Vq := a , Vi := ^ , V2 := I and V3 := RE . (47) 

Note that both Vq and V3 are of dimension one, while Vi and V2 arc d-dimensional. Accordingly, we consider 
the decompositions of s © s given by 



3 

s©{O} = 0yi,fc and {O}©s = 0V2,fc 



fc=0 fc=0 

where the subspaces Vi^k, « = 1, 2, of each factor correspond respectively to the subspaces Vk of s within the 
decomposition (|47)) . We then set: 

3 

:= Vi,k © V2,k and s © s = 2Jfc , (48) 

by which we mean that there are four subspaces involved in the ordered decomposition of s © s. We also let 

fe 

9J«:=0QJfe, fc = 0,1,2,3, 

as in (fTO]) and we let U{SO^^'') be the unital sub-algebra of U{s®s) generated by ^J^*^^ as in ([7])- Accordingly, 
we consider the associated tempered coordinates (HI 



3^1,0 •— Hi S^^^ , a;^ 2 /j ^can J -^^,2 ■ — "^can J 3 •— Ei S^^^ , i — 1,2, j 1, . . . , (i , 

and we use the vector notations: 

xo := (xi,o,a;2,o) e R^ fi := (xi4,X2,i) := ((xi^i),li, (a;^2,i)j=i) ^ 

^2 := (xi,2, 2^2,2) ((a;i,2),li, (2^2,2)^=1) S R'^ := (a;i,3,X2,3) S . (49) 

According to the notations (a, u, e M x R^'' x M ~ § and v = {x, y) e I* (B I = V , we set 

a:= (01,02) e R', x = (a;l,a;2)eR'^ y = (zji, ^2) e <":= (ti, ^2) e R' • 
We consider the functions 

S12 := sinh(2ai)i2 — sinh(2a2)ii , f2i2 := aj°(ui, V2) , 712 '■— cosh(ai) cosh(a2) , 
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in term of which we have 

'S'can = ^12 + 712 ^^12 • 

Introducing last 

j^,_f sinh(2a2) cosh(2ai) \ B ( ~5™h(2a2) - cosh(ai) cosh(a2)\ ,g„^ 
cosh(2a2) — sinh(2ai)y ' ' \^cosh(ai) cosh(a2) ^sinh(2ai) y ' 

7 := (cosh(a2)e~°i , cosh(ai)e~'^^) , (5 := (— sinh(2a2) , sinh(2ai)) , 

the relations given in ()46p can be summarized as: 

X3 = 6 , X2 ~ B.x , xi~—B.y, .fo = 2A.t — fii2 7 . (51) 

We first treat the easiest variables X3, which lead to multipliers that satisfy property (ii) of Definition 
12.191 with constant fi^: 

Lemma 3.18 Consider an element X G 14(^3) such that the associated multiplier ax is invertible. Then, 
for every Y <E W(5J^^-') =U{s O 5) there exists a positive constant Cy such that 

\Y ax\ < Cy \ax\ ■ 

Proof. Note first that 2J3 turns out to be a two-dimensional Abelian Lie algebra. Note also that asi, i ~ 1, 2 
is independent of the variables t. Thus, given a two- variables polynomial P, we have for X = P{Ei,E2) G 
W(2J3): 

ax ~ P{ ~ sinh(2a2), sinh(2ai)) . 

It also follows from the explicit expression of the left-invariant vector fields given in (|45|) that Y ax = for 
all Y £ Z-/(®|^]^2Jfc). Hence, it suffices to treat the case of F € U{^o). Observe that the restriction of Hj to 
functions which depend only on Oj, equals da^- Thus in this case, we see that Y ax is a polynomial of the 
same degree as P, but in the variables e^"^ and e^"^. This is enough to conclude when ax is invertible. ■ 

Next, we treat the variables a?2 and xi. We first observe 

Lemma 3.19 There exist finitely many matrices P(r) G M2 (K[e^''^ , e^"^]) such that for all integers Ni 
and N2, the elements H^^H^^ B consist in a linear combination of the P(,,) 's, where the matrix B has been 
defined in ([50|l . The same property holds for the matrix A. 

Proof Set 

„ /-isinh(2a2) \ „ /^O -1 

^■■={' isinh(2ai)j ' ^---^'^[l 

and observes that 

P = P> + r and dl^D = AD, d^T ^ T , i ^ 1,2 . 

The derivatives of B therefore all belong to the space generated by D, T and finitely many derivatives. This 
is enough to conclude since restricted to functions that depend only on the variable a, we have H = da- The 
proof for the matrix A is entirely similar. ■ 

We can now deduce what we need for the variables X2 and xi. 

Lemma 3.20 There exist finitely many tempered functions m2.(r) (respectively mx_(r)j depending on the 
variables x^ only, such that for every element X G Z-/(53'-^-') (respectively X G Z^(QJ'-^-*)J, the element X X2 
(respectively X xi) belongs to the space spanned by {m2.(r), m2^^r)^2} (respectively {mj^ (r), nii f^^-^xi}). 

Proof. This follows from Lemma 13.191 and the expressions (|45| for the invariant vector fields. Indeed, the 
latter implies that for every X G ^(0^^! 2Jfe) (respectively X G W(93i)) of strictly positive homogeneous 
degree, X X2 (respectively X Xi) is either zero or one of the entries of the matrix B. ■ 
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Remark 3.21 Note that in view of the expressions (|3S]) and (^5)) and by symmetry on xi and X2 the 
assertion in Lemma [3.201 holds for every element X mU{s(Bs) for both variables xi and X2- 

Last, we go to the variables xo- The next Lemma is proven using the same type of arguments as in the proof 
of Lemma 13.191 

Lemma 3.22 There exist finitely many vectors 7(,,) G R^[e*°i , e^°^] such that for all integers Ni and N2, 
the elements H^^ 7 consist in a linear combination of the 7(r) 's. 

Observing that Hit is proportional to ti and that HiVli2 = —fli2, the Lemmas 13.191 and 13.221 then yield the 
following result. 

Lemma 3.23 There exist finitely many matrices M(^) G M2 (]R[e^"^ , e^"^]) and finitely many vectors G 
M^[e"^,a''^] such that for all integers Ni and N2, one has 

with 

MMi^,N2 G span{i\jf(r)} and ujVi^Ws G span{w(s)} . 
The following result is then a direct consequence of Lemmas 13.181 13.201 and 13.221 . 

Corollary 3.24 For every fc = 0, . . . , 3, there exists a tempered function < m^ with dg^uik ~ for every 
j < k and such that for every X e Z^(QJ''')), there exists Cx > with 

\Xxk\ < Cx nik (1 + \xk\) ■ 

Remark 3.25 In fact the function mo above depends on xi,X2,X3 and the functions mi and m2 depend 
on X3 only (and is constant as it should be). 

We are now able to check the admissibility conditions of Dcfinition l2.191 for the tempered pair (S x §, S'f^n)- 
Proposition 3.26 Define 

Xo := 1-F?-F| , X, := 1-X: iifir + im , X2 := 1-^ ((e])^ + (e,^)^) , X, 1-Ef-El . 

Then the corresponding multipliers e^^'^can e*"^':="> , fc = 0, ...,3, satisfy conditions (i) and (ii) of 

Definition lKTU 

Proof. We start by observing the following expression of the multiplier: 

afc = 1 + - i/3fc , fc = 0,...,3, 

where 

■= Xi^k Xi^k + X2,k X2,k , 

with obvious notations. Then we get 

1 1 1 

< 



(l + |ffe|2)2+/32 - (l+|f,|2)2 ' 

and the first condition of Definition l2.19l is satisfied for Ck — I and pk — 2. Let now X e ^^(QjC^)) of strictly 
positive order. Then, using Swcedler's ©, notations we get 

Xak = {X(^i)Xk).{X(2)Xk) " iX Xi^kXi^k - iX X2,kX2,k ■ 

Since X(i),X(2),Xi,fc,X2,fe G ^^(^jC^)), Corollary [3Jl yields 

\Xak\ < Cimlil + lxklf + C2nik{l + \xk\) . 
As 1 + < loffcl, the second condition of Definition l2.19l is satisfied for ^k = niA:(l + m^). ■ 
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Last, we prove tameness for the pair (§ x S, S^^^). We start by a minoration of the modular weight of the 
group §: 

Lemma 3.27 There exists C > such that for every g = {a,v,t) € §; 

C(cosh(a) + \v\ + \t\) < ds{g) . 

Proof. A quick computation gives: 

Adg{a'H + v' + t'E) = a' H + e^{v' - va') + e^"'{t' + 2ta' + ia;"(w, v'))E , 

and 

Adg-i {a'H + v' + t'E) = a'H + er'^v' + va + (e"^°t' + 2ta - ie~°a;"(t;, v'))E , 
and the estimate follows immediately. ■ 

Corollary 3.28 The tempered pair (§ x §, Sf^n) tame. 

Proof. Consider any two Lie groups Gi, G2 with Lie algebras gi, 02 respectively. Fix Euclidean structures on 
01 and on 02 and induce one on 0i © 02 by declaring that 0i is orthogonal to 02. Then for Xi © X2 € 0i © 02 
and ((71,52) G Gi x G2, we have: 

|Ad(g„g,)(Xl ©X2)|2 = \Adg^Xl ® Adg^X^f = \Mg^Xlf + \Adg,X2f - 

Hence we deduce 

|Ad(gj,g,)| > max{ sup \Mg,Xi\, sup jAdg^Xal} = max {|AdgJ, |AdgJ} > i(|AdgJ + |AdgJ) , 

|A'i| = l 1X21 = 1 

from which we get 

Lemma 13.271 thereof implies that 

^Sxs{a.i,vi,ti;a2,V2,t2) > G( cosh(ai) + cosh(a2) + |fi| + |i;2| + l^il + 1^21) , 
so that with the relations (|5ip in mind, we see that there exists G' > with 

{\xo\' + \x,\^ + \x2\' + \x,\Y'<C'4.^. 

According to Definition 12. 29[ we may set /i^ = 5|xs- Last, tcmpcrcdness of the modular weight 3 has been 
proven in Lemma 12.161 ■ 

We summarize all this by stating the main result of this sub-section: 

Theorem 3.29 Let § be an elementary normal y group and let S^^^ he the smooth function on S x § given 
in Definition \3.15\ Then, the pair (§ x §, S^^^) is tempered, admissible and tame. 

Remark 3.30 From Remark 13.211 and the above discussion, we observe that setting 5Ji2 :~ 9Ji©Q32 yields a 
decomposition into three subspaces: s©s = 2Joffi2Ji2ffl9?3 also underlying admissibility but with associated 
elements Xq, X^ and X12 := Xi + X2. The corresponding multipliers are ao, as and ai2 = ai + 02. 

3.4 Tempered pairs for normal j-groups 

Let b be a normal j-algebra, and B a connected simply connected Lie group with Lie algebra fa. We first 
observe: 

Lemma 3.31 Let B = B' x Si be a Pyatetskii- Shapiro decomposition. Setting gi,hi G Si, g',h' €E B' then 
we have: 

^«xB{gig',hig')> i(t)si(5i)+fsi(/ii)+0B'(ff')+fB'(/i')) ■ 
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Proof. From the inequality 

SObxb > Ob <X) 1 + 1 ® 5b , 
proven in Corollary 13.281 it suffices to show that 

25b(5i3') > fsi(5i) +fB'(.9') , 
for gi G §1, g' £ B'. Set also Xi — {a,v,t) G Si and X' G B', we observe from Proposition 13.51 that 

Ad3,(X')-X'esi , 

and 

Adg,{X,) = {a,A{g')v,t) , 

where A{g') is the matrix in Sp{Vi,u!i) as defined in Proposition 13. 101 fiv). Fix an Euclidean structure on Vj 
and define (inductively) another one on b by ((a, t), (a', w', t')) = aa' + {v, v') + tt' on Si and by declaring 
that Si and b' are orthogonal. Hence we get \X' ® Xip = + for aU X' e b' and Xi e Si. Now, 

let g = gig' E B, with gi E Si and g' E M' . Then from the observations made above, we deduce: 

|Adj2> sup \Mg,g,{X')\'= sup \Adg,{X')\' + \Adg,{Adg,{X'))-Mg,{X')\' 

X'eb',\X'\=l X'£b',\X'\ = l 

> sup \Adg,{X'f = \Adg,\,,\'' , 
x'eb',\x'\=i 

while in the other hand, since A{g') e Sp(14,'^i) 

|Adg|^ > sup \Adg,g'{a,v,t)\^ = sup |Adg,(a,A(g')w,i)l^ 



-'913 V""' ''/I ~ ""J-' 
(a,i?,i)G5i,|(a,i?,i)| — 1 (a,^;,^)tESl,|(a,^;,^)| — 1 



sup |Adg,(a,u,t)|^ = lAdgJsJ^ 

(a,'(;,i)f^Si,|(a,'(;,i)|— 1 

Since moreover g'gi = 'Rg>{gi)g' and jAd^^, (g^) |sj = jAdgJgJ, we deduce that for all g ~ gig' G B, gi G §i, 
g' G B', we arrive at 

OB(.g) > max{t)s,(5i),0B'(5')} > ki^^iidi) + ^S'ig')) , 
which is all what we needed. ■ 

Now, we let also b = a © n be a decomposition with n the nilradical of b and a its orthogonal complement. 
It follows then that a is an abelian sub-algebra, so that b = a k n and the group B may be identified to its 
Lie algebra fa with product 

(a, n) ■ (a', n') = {a + a', (e"^^" n) -cbh n') , 

where n -cbh n' denotes the Baker-Campbell-HausdorfF series in the Lie algebra n, which is finite since n is 
nilpotent. The following Definition and Lemmas in this subsection are taken from [1]. 

Definition 3.32 Let {Hj}"^^ and {Nj}JL^ be bases of a and n respectively. The coordinates system 

M"+™ ^ a e n , 

(ai, . . . , a„, rii, . . . , n^) >-> ( arcsinh(ai)iJi H h arcsinh(a„)iJ„, niNi H + n„iNm) , 

are said to be adapted tempered coordinates for B. 

Lemma 3.33 In any adapted tempered coordinates on B, the multiplication and inverse operations are 
tempered maps R"+™ x and R"+'" R"+'" respectively. 

Proof. Let ai, . . . , a„, rii, . . . , be adapted tempered coordinates on B as in the above definition. Then, 
since 

sinh(a + a') = sinli(a) cosh(a') + cosh(a) sinh(a') , 
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the {aj}-coordinates of the muhiphcation of x' S M""^"* read 



sinh (arcsmh(ai) + arcsinh(a^)) = aiy 1 + a',^ + a^yl + a| , 
so that they clearly are tempered functions in the ai^a[ variables. 

For the n part, recall that there is a decomposition in real root spaces n = 0^ Uq for the adjoint action of 
a. Now if n' G tIq, we have 

a.d(arcsinh(ai H harcsinh(a„ ) / a{H\ ) arcsinh(ai )H \-a{H2 ) arcsinh(a„ ) / 

O If/ O I Ij 

= Ui + \/l + a?J . . . (^a„ + Vl + j n' , 

which is a tempered function in ai, . . . , a„. As the CBH product in a nilpotent group is polynomial, linearly 
decomposing n'lNi + . . .n'^Nm along the root space decomposition and using the above computation, we 
get that the ni coordinates of the product of x and x' are tempered in all variables. 

For the inverse, as (a, n)^^ ~ (—a, — e^^'^'^n), the above computation also shows the result. ■ 



Lemma 3.34 Let b = b' k s fee a Pyatetskii- Shapiro decomposition of a normal yalgebra h, with s an 
elementary normal y algebra and with corresponding Lie group decomposition B = B' K S. Denote R : B' — > 
Aut(S) the associated extension homomorphism. Then in any adapted tempered coordinates for W = a'©n', 
with dim(a') = n' , dim(n') = m' and § = a n, with dim(a) = 1, dim(n) = m, R is a tempered map 

Proof. Let ai, . . . , a„', ni, . . . , and a„'_(-i, . . . , be adapted tempered coordinates for B' 

and § respectively. The group B' acts trivially on i/„'_|_i, the generator of a. Moreover, the coordinates 
ai, . . . , a„/+i, rii, . . . , Um'+mi are adapted tempered coordinates for B. Indeed, one knows [T71 pages 56-57] 
that the infinitesimal action of Hi, . . . ,Hn' is real semi-simple with spectrum contained in {— ^,0, i}. 
Denote i' : B' ^ B and i : § — > B the inclusions seen through the coordinates. Now by Lemma [3.331 the map 

{x', x) G B' X § 1-^ i'{x') ■ i{x) e B , 

is tempered. But the n part of that product is exactly TLx'ix) and so, this concludes the proof. ■ 
We are now prepared to state and prove the main result of this subsection. 

Theorem 3.35 Let M be a normal j- group with Pyatetskii- Shapiro decomposition B = (Sn x •..) K §i. 
Parametrizing the elements g, g' €M as g = 31(72 • ■ • 9n o,nd g' — g'ig'2 ■ ■ ■ g'j^ with gi, g'^ € we define 

N 

5«,„ : B X B ^ M , (.9, g') ^ ^ {g, ,g'^ , 

2=1 

where S'can canonical phase of Sj given in Definition \ 3.15[ Then the pair (B x B, S'*j^jj) is tempered 

admissible and tame. 

Proof. We will use an induction over the number of elementary factors in B. Accordingly, we set 
B = B' K R§, with B' := (Sjv K . . . ) K §2 and S := §1 . We then observe that B x B = (B' x B') k rxr (S x §) and 
from Lemma 13.341 that the extension homomorphism R x R =: R^ is tempered within adapted coordinates. 
By Theorem 13.291 the pair (§ x Ei,Sf^^) is tempered and admissible. By induction hypothesis, the latter 
also holds for (B' x B',5'|f^„). Moreover, Equations tell that, in the "elementary" case of S x S, the 
adapted tempered coordinates and the coordinates associated to the phase function are related to one another 
through a tempered diffeomorphism. By induction hypothesis, the latter also holds for B' x B'. Obviously, the 
extension homomorphism R x R is then tempered within the coordinates associated to the phase functions 
as well. Note that under the parametrization g = gig',h = hih' £ B', gi,hi € §1, g',h' S B' € B', the 
multiplication and inverse maps of B become: 

gh = giRg'{hi)g'h' , g^^ = Rg,-i{g^^)g'^^ , 
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and similarly for B x B. From this and the temperedness of the extension homomorphism R x R, we see that 
tempcredness of the muhipHcation and inversion laws in B x B wiU immediately follow once we will have 
shown that the map is a global diffeomorphism from B x B to (b ® b)*. We will return to this question 
while examinatting the question of admissibility. To this aim, let us set Gi := B' x B', G2 := S x § and denote 
respectively by Qi and 02 their Lie algebras. Let us also set := Sf^^, S2 '■= S^^^, and let us assume, by 
induction hypothesis, that the pair (Gi, Si) is admissible, with associated decomposition gi — ®^q21Ja;. Let 
us consider an adapted basis of gi, {iWk\, k — I, . . . , dim(gi) with associated coordinates i{b)k ■= iWk-Si{b) 
on Gi. Similarly, let us consider the basis {2^^ | r = 1, 2 ; j = 0, 1, 2, 3} of 02 adapted to the decomposition 
where, for the values 1 and 2, j consists in a multi-index and where r labels the copies of § in § x §. 
Accordingly, we have the associated coordinate system (|5ip on G2 that now reads 2(2^)^ := 2wJ. 5*2(0;). 
On G := Gi Kr2 G2, with S{xb) := Si(b) + S'2(x), x g G2, 6 G Gi, we then compute that: 

i{xb)k ■■= iWk,.S{xb) = i{b)k and 2{xbYj -.^ 2W^j -Sixb) = Iil{2W^j).S2{x) . 

Hence it suffices to look at the properties of the multipliers within Q2- From Pyatetskii-Shapiro's theory, we 
know that for the values and 3 of j, the action of Gi is trivial: R^(2U>p — 2Wj ■ Hence: 

2{xbY, = 2{x)'j , Y7G{0,3}. 

Hence it suffices to look at the properties of the multipliers within the subspace V x V = ''Si S) ^2 ■ For 
j = 1, 2, however, the action is not trivial but stabilizes component-wise V x V. Accordingly, we set: 

where, again, p is a multi-index. We therefore have: 

2{xbr, = [Klr^2{x);, Vj€{l,2}. (52) 

From Pyatetskii-Shapiro's theory, we know that the linear operator [R^]^ is of jacobian one. In particular, 
this implies that the map ((T6)) is a global diffeomorphism from G to g*. (Hence, wc have completed the 
proof of temperedness.) We now consider the ordered decomposition: 

g = g2 © gi = ( ®U 23,) ( ®£o 2^^) , 

where indices occurring on the left (g2) are considered as lower than the one on the right (gi). Within this 
setting, we compute that for every element X G U{22)- 

(2)ax(xb) := e-'^(-'\X .e'^){xb) = 2a^.(x){x) , 

where 201X '■= e~*"^^ (X.e''^^) denotes the multiplier on G2. Again, for the extreme values of j, we observe 
that: 

(^2)axixb) = 2axix), VX e Zi(Q3o © 5J3) , 

so in these cases the properties underlying admissibility are trivially satisfied. For j = 1, 2, we have with the 
notation Xj := 1 — X]r=i(2'"^P^ of Proposition 13.261 

Rl{X,)^l-j2{[^l]h<y ' 

r=l 

which leads to 

2 2 

(2)«x,(x6) = 1 + E u^*y^y * E [i^'^^ir i^b'-t KM^)k ' 

r— 1 r— 1 
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where 6 = (&i, 62) S B' x B' = Gi. This gives the property (i) of Definition 12.191 From the expression ([5^ 
and the structure of the elementary case (Lemma I3.20p , we then observe that for every homogeneous degree 
three monomial A ^ U{V x V): 

Also, setting —i/3xj{xb) := — i X]r=i [^fcr]^"^ [I^fcr]^'^ ^p^-2(a;)p/ , we deduce from the expressions P5|) and 

that, for every A £V xV: A.(5xj — 0. From the expression ((5^ and setting 2(2^)12 (2(a;)i, 2(a;)2), 
we then deduce that for every A ^UiV x V) of strictly positive degree: 

I((2)ax,(.x6) + (2)ax.(x6))| = \A\^{xh)^^\''\ = \^) ^\RlUxU)?\ < \Rlt^^^'>+'CA f^Mx) Uxh2)\^ , 
where the last estimate is obtained from Corollarv l3.24l Since 

Mx),,r = |R^lRg(2(a:)l2)P < \RU\'Mxb),,)\' , 

we then get 

A{^2)axAxb) + i2)axAxb))\ < {Itlt^^^^+^CA ^^l2ix)\RU\'Mxb),,)\' 

<CA\Rlt^^^^+'\RU\^fii2{x) \i2)axAxb) + ^2)axAxb)\ . 
But we know that we may assume deg(A) < 2, hence 

^{{2)axAxb) + (2)O^X2(xb)) < CA^%{b) tii2{x) \{2)axAxb) + {2)ax2{xb)\ ■ 

Defining the element ^'i2{xb) := 0^(6) /ii2(x) yields admissibility at the level of y x T^. 

Last, tameness follows from Lemma 13.311 and, within the notations displayed above, from the equality 

Uxb)\ = \[Rl],{x)\ = \2{x)\. m 



Remark 3.36 Last, we observe that Remarks 12.151 and 12.361 and Lemma [3.311 show that the one- variable 
Schwartz space iS"^':"" (B, £) associated with the two- variable tempered, admissible and tame pair (B x B, Sf^^J 
(see Definition 12. 43p can be equivalently topologyzed by the semi- norms 



feS'^M,£)^ sup sup f- ^ , 

XeUkib) x£M ^ 1^ |fc J 



or even with 



feS'^M,£)^ sup sup f- ^ , 



j,k,n , 



j,k,n . 



4 Non-formal star-products 

4.1 Star-products on normal j-groups 

We consider an elementary normal j-group § viewed as a symplectic symmetric spaces as in subsection 
We start by recalling the results obtained in |21 13] . 



Definition 4.1 Set S := {(a, v, £,)} = Rx 
of diffeomorphisms defined as 



X M. The twisting map is the smooth one-parameter family 
(f>e:§^E>:{a,v,0^ (a, cosh (f ^)"\, | sinh (f e)) , ER* . 
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Let 5(§) be the Euclidean Schwartz space of §, i.e. the ordinary Schwartz space in the coordinates (|4ip . 
Accordingly, let 5(§)' be the dual space of tempered distributions. Let us also denote by 



(j'M)(a, w,^) / e *'^*u(a, w, i) d< , 



the partial Fourier transform in the i- variable. For 7 > 0, we let Oc,f{R™) be the sub-set of smooth 
functions, the derivatives of which are uniformly polynomially bounded: 

Oa7(R") := {./ e C°°(R™) : 3r > : Va G N'" : 3^ > 0, \d''f{x)\ < ^(1 + |a;|)'"-^l"l } . 



Definition 4.2 We denote by &, the subspace o/C°°(M,C) constituted by the elements r such that expo ±t 
belong to the space Oc.ii^,C)- 

Let To be the clement of C°°(S), given by: 

To := ilog o Jac^-i . 
Viewed as a function of its last variable only, tq belongs to 0. Indeed, we have: 



Jac,-i(a,u,0 = 2 



1 + 



Given an element r € 0, one defines a linear injection: 

Te,r ■■= T-^ o cxp(ro - r) o o T : S{§) ^ 5(§)' , (53) 

whose adjoint, with respect to the inner product of dg), reads: 

:= o {(f>g)* o exp(-To - r) o J" : 5(S) ^ 5(S) . 
Note that in particular, the inverse map defines a linear injection from iS(§) to itself: 

T-^ := J^-^ o {(j)e)* o exp(-ro + t) o : 5(S) -> S{S) . 
Observe the following immediate fact: 

Lemma 4.3 For r G 0, the map Tg^ : iS(§) — >■ 5(§) extends to a unitary operator on L^(S,ds) if and only 
if T is purely imaginary. 

Let a;° be the standard symplectic structure of M-^''+^ and let -kg be the Weyl product on 5(IR-^'^+'^) given by 

/i *e hi^) = , .L+u I e^^«(--'^^^)/i(y) ^(z) dy dz , 

where Sq{x, y, z) := ti;''(x, y) + uf'{y, z) + i^^{z, x). For r G 0, denoting by 

£e,r(S) r8,,(5(S)) , 
the range subspace in the tempered distribution space 5(S)', one has the inclusions 

5(§) C 8g^r[^) C C°°(S) . 

We consider the linear isomorphism: 

T^;; :£e,r(§)^5(§) . 
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Identifying § ~ by mean of the global coordinate system (jH]), we transport under Tg^T- the Weyl's 

product on 5(R^'^+^) ~ S{S). This yields an associative product: 

given by 

/i *9.r f2 ■■= TgATe,l{h) 4 Tg,l{f2)) , /l , /2 G £eA^) ■ (54) 

The associative algebra 6i.t(S)7 ^e.r) , endowed with the Frechet algebra structure transported under Tg,r 
from 5(R^''"*'^), satisfies the following properties [HIT]: 

Theorem 4.4 Let t e @ andO ^0. Then, 

(i) For all compactly supported u,v € Se^ri^), one has the integral representation: 



u*e^rV= / A'0^T-(xi,a;2)i?*j(w) i?*2(u) ds(a;i)ds(x2) , (55) 

JSxS 

where the two-point kernel is given by 

KeAxu^2) {ne)~^^''+^^ AeAxi,X2) exp {f 5i„(xi, xa)} , (56) 

with, in the coordinate^ (|4ip ; 

AeAxi.X2) := A^a„(xi,X2) exp {t(| sinh(2ai)) + t(| sinh(-2a2)) - r(| sinh(2ai - 2a2)) } , 

and with S^^^ and A^^^ defined in and (gH) . 

(ii) The product ★g.T- is equivariant under the automorphism group of the symplectic symmetric space 
(§, s,aj^); for all elements g o/ Aut(§, s, o;^) and u,v £ 2?(§), one has 

9*{u) *e,r g*iv) ^ g*{u -ko^r v) ■ 

Consider a normal j-group decomposed, following Proposition l3.5l into a semi-direct product B = B' k § where 
§ is elementary. One knows from Proposition and [3] that the extension homomorphism R : B' — > Aut(S) 
underlies a homomorphism from B' into the isotropy subgroup Aut(§, s,cj^)e at the unit element e of § 
viewed as a symmetric space: 

R : B' ^ Sp(F, w") C Aut(§, s, uj^)e , 

where {V,uj^) is the symplectic vector space attached to §. In particular, the action of B' leaves invariant 
the two-point kernel Kg^T on S x S. Iterating the above observation at the level of B' and translating the 
"extension Lemma" in [5] within the present framework, we obtain: 

Proposition 4.5 Let M be a normal y group with Pyatetskii- Shapiro decomposition B = (Sjv k . . . ) k §i and 
fix T := {ti, . . . ,tn) E &^ . Parametrizing a group element g as g = gi . . . gN , with gi G §i, we consider 
the two-point kernel on B given by 

KeAg^g') Kg^ri{9l,9'i)---Kg^rr,{gN,g'N) , (57) 

where Kg^n is the two-points kernel on Si x Si, defined in (|56p. Then, the bilinear mapping 
★e,f := / KgAg,g')R*giu)R*g,{v)dB{g)dAg')\ , 

is associative on 

SgA'^) :=fe.r„(SAr)® •••®f0,ri(§l) , 

(recall that £e,rj(Sj) 'is nuclear). Moreover, at the level of compactly supported functions, the product -kg_f is 
equivariant under the left-translations in B. 



*As usual, we set xj = {aj,Vj,tj) G 
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4.2 An oscillatory integral formula for the star-product 

In this subsection, we fix B a normal j-group, with Lie algebra b. We also let f £ &^ as above (A^ is 
the number of elementary components in B) and form the two-point kernel Kg ^ on BxB, defined in (|5^ 
Proposition 14. 51 implies that the deformed product 



KeA9,9') Kiu) Kiv) d„(.9) d„(.g') , 



(58) 



is weakly associative (in the sense of Definition I2.4ip and left B-equi variant. The results of section [5] will 
allow to properly understand the integral in ([55)1 as oscillatory one. As a consequence, we will see that the 
deformed product extends as a continuous bilinear and associative map on the function space B{M,A), for 
A a Frechet algebra. We start with a simple fact: 

Lemma 4.6 Let B be an elementary normal j-group and f G 0^. Then the amplitude Ag ^, as given in 
Proposition \4-5\ consists in an element of B^^ (B x B) for a tempered weight fi-r . 



Proof. Consider first the case where B = § is elementary. Within the notations of subsection 13. 3[ we have 

1 /2 

l^sl = |(a;i,3, 2:2,3)1 = |( - sinh(2a2),sinh(2ai))| = ( sinh(2a2)^ + sinh(2ai)^) 



so that the function 



A'can(a:i, 2:2) :=coshai cosha2 



is a tempered weight. As the left invariant vector field if on § restricted to functions of depending on the 
variable a only, coincides with the partial differentiation operator da, we get from the explicit expression 



^canC^^i: 2^2) ~ (coshfli cosha2 cosh(ai — a2))''v^cosh2ai cosh2a2 cosh2(ai — 02) , 
that there exists p > such that for any X G U{s s), there exists a constant Cx > with 

Hence A^^^^ € S''^='"(S x §). Next, since r € 0, we have expo ± r G Oc.i(K)- Thus, there exists r > such 
that the 71-th derivative of expo ± t(x) is bounded by (1 + |x|)''^". Let us denote by deg(T) such positive 
number r. Since expo±T depends on the variable a only, among all elements of Z-/(s®s), only the powers of 
Hi, i = 1,2, give non zero contributions. Therefore, an easy computation shows that for any X G W(s © s), 
there exists a constant Cx > with 

\X exp{±T(|sinh(2a))}| < (1 + l^aD'^^st^) . 
Hence Ae.r belongs to 6'^-(§ x §) for Hr = ^^ctn '^'"^^"'^ ■ 

The general case B = B' k § follows easily by Pyatetskii- Shapiro theory, since only the variables in 1/ C S 
are affected by the action of B' and that Ag f is independent of these variables. ■ 

We now consider a Frechet algebra A, with topology underlying a countable family of sub-multiplicative 
semi-norms {||.||j}jeN- Combining Lemmas 14.61 with Theorem 13.351 leads us to prove that the integral in the 



expression of the deformed product (|55|) can be properly understood as an oscillatory one in the sense of 
section [2] In particular, this allows to define the product on B{M,A). This is the main result of this 
section. 

Theorem 4.7 Let M be a normal j-group. Fix t G 0^ and let {pj}, {l^'j}, {mJ} three families of tempered 
weights on B of sub-multiplicativity degrees {{Lj, Rj)}, {{Lj,Rj)}, {{L" j, R" j)}. Considering Kg^f the two- 
point kernel on B defined in (|57p , the correspondence 

*e,f ■■ {Fi,F2) G B^^^Hb,A) X S^^^>(B,^) ^ f Kg,;, \{xi,x2) ^ RlAPi)^^^^)] e ^{^^^^'''^(B, ^) , 
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is a jointly continuous bilinear map and is equivariant under the left translations in B in the sense that for 
all g £ M, we have 

in B^^i ^(B,^). Moreover, the map -kg^f is associative in the sense that then for every F G 

B^i'^^{^,A), F' e 6^^^>(B,yl), F" e B^i^'^'^iM^A) we have the equality 

{F*e,rF') *g,rF" = Fn,r {F'*e.fF") m S^V^^"^''^" "^">(B,^) . 
In particular, (i3(B, *e.f^) is a Frechet algebra with jointly continuous product. 

Proof. That the bihnear map ★e^f (with the domain and image as indicated) is weh defined and jointly 
continuous, follows from Theorem 12.381 Theorem 13.351 and Lemma 14.61 Associativity follows from associa- 
tivity in £e f!(B), which implies weak associativity in the sense of Definition 12.411 and Proposition 12.421 So, 
it remains to prove left B-equivariance. We first note that by Lemma [^751 (ii). the group B acts continuously 

from S{''^}(B,yt) to S^^^ \M,A) (for any family of weights {/ij} of sub- multiplicative degrees {(ij, Rj)}) 

on the left. Also, we have by Lemma [051 that F*g^f F' = lim„.„/ Fn *e.T F^, in B^'^^ ^{M,A), for any 
pair of sequences {Fn} and {F^,} of smooth compactly supported ^-valued functions on B, which converge 
to F and F' , in the topology of B^^^^{M^ A) and S^^j-^(B, A) for any sequence of weights {fij} and {fj-'j} dom- 
inating {fJ.j} and {fJ-'j}- From continuity of the left regular action (see Lemma 12.81 ii) and left B-equivariance 
at the level of 'D{M,A), we thus have 

Ll{Fkg^fF')^ hm L;(F„ = hm (iji^,,) (i^K') , 

" ri,ri'— >oo " Ti.ji'— >oo " 

LjRj 'LjRj 

where the limits are in B^'^^ ^(B,^). It remains to find specific approximation sequences {Fn} and 

{F;,}, such that {L^Fn} and {L*gF^,} converge to L*F and in the topology of B^^^'^M,A) and 

6^^^ '\M,A). For this, we observe that the same construction as in the proof of Lemma l2.61 (viii). does the 
job. Indeed, recall that there, we have constructed the approximation sequence {Fn}, by setting 

Fn e„ F e V{S,A) , e„ / Hg) R*g{xcJdB{g) G 2?(B) , 

JB 

where < ip € 25(38), J^'ipds = 1, {C„} is an increasing sequence of relatively compact open sub-sets of 
B converging to B and xc„ is the characteristic function of C„. Fixing g G M and setting := g.Cn, the 
sequence {C^} is still an increasing sequence of relatively compact open sub-sets on B converging to B. Also, 
as 

JB 

we deduce that for all j, k G N: 

\\L;{Fn) - - 11(1 - -..00 ' 

which, by Lemma [2^ (vi) , converges to zero as L*g{F) G B^^^ ^(B,^) and {Aj ^} dominates {/i^ "}. ■ 

Let 5^<='"> (B, A) be the one- variable Schwartz space associated to the admissible and tame tempered pair 
(B X B, Sf^^J, constructed in Definition 12.431 The next result follows immediately from Proposition l2.451 

Proposition 4.8 Let M be a normal j-group and fix t E &^ . Then -kg f is an associative and jointly 
continuous product on iS'^™" (B, ^). Moreover, for every family of tempered weights the space 

B^^-i^ {M, A) acts continuously on 5'^"'"> (B, ^) via 

L^, .{F) -.if^-^ Fi^g^^fifi, F eB^''^^M,A), ip & S'^'^"{M,A) . 
In particular, [S^':'^'^{M,A),*e,f) is an ideal of [B{M, A),*g,f) ■ 
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We now see that, as expected, the constant function is an identity for the deformed product. 

Proposition 4.9 Let M be a normal j-group. Fix t E &^ , {fJ.j} a family of tempered weights of su- 
multiplicative degrees {{LjRj)^ and F G ^''^'^^^(B,^). Identifying every element a E A with the function 
[g e 1 H> a G ^] e B{M,A), we have 

a i^g_f F = aF , F -*g_f a ~ Fa , 

in ^''^^■'-^(B,^). In particular, if A is unital, the element [g i— > 1^] G B{E>,A) is the unit of (S(B, ★g^f') . 

Proof. Since the constant unit function is a fixed point of the map Tg^i, for every G iS'^^^n (B^ _4), we have: 

ip *e,f a = Te^f{Tg l{Lp) a) , 

in 5'^<:='n (B, y^). By Remark |3.36[ we see that the transported Schwartz space (B, y^) is a (dense) subset 
of the ordinary Schwartz space S{b,A), under the usual identification B ~ b. Since Tgl preserves the latter 
space, we see that Tg-i((^) G S{h,A). By [19], we now that the Weyl product admits the constant function 
as unit element (for the algebra of ,4- valued flat B functions). Thus Lp -kg^f a = ipa and a -kg_f ip = ap for all 
p> G iS'^':"" (B, y^) and a E A. Now, consider the injective homomorphism ^ from {B'^^^^ {V>,A),-kg,f) to the 
algebra of continuous operators acting on 5"^=:'™ (B, ^), defined in ProDOsition l4.8l From the previous consid- 
erations, the associativity of the deformed product and the fact that iS^'^"- (B, y^) is an ideal of B^^^^ {B>,A)j 
we get 

L.,,, {F *g,f a) = L,, (Fa) , V^^ G 6^^^ > (B, ^) , 

which entails by injectivity that F-kg,fa = Fa in B'''^^' ^M,A). As Fa G B^f^^^M^A), we deduce that the 
equality F*e,?a = Fa holds in fact in 6^^J>(B,yl). The case of a *6(,t F is entirely similar. ■ 



5 Deformation of Frechet algebras 
5.1 The deformed product 

In this section, we still consider a normal j-group B, with Lie algebra b and with N elementary components 
in its Pyatetskii-Shapiro decomposition. We also consider a pair {A, a), consisting of a Frechet algebra A 
(with topology determined by a countable set of sub- multiplicative semi- norms {|| ■||j"}jgN), together with a 
strongly continuous action a of B by automorphisms. We start by more general considerations regarding 
tempered action: 

Definition 5.1 An action a of a tempered Lie group G on a Frechet algebra A, is said to be tempered, if 

for all j (z N there exists a tempered weight such that for all a E A and all g G G, we have 

\\ag{a)\\j < ^i°'{g)\\a\\j . 

Remark 5.2 Note that for a tempered action and for g G G fixed, ag acts continuously on A. 

We denote by A°° , be the set of smooth vectors for the action a of B on A. By strong continuity, A°° is a 
dense subspace of A. On this subset, we consider the infinitesimal form of the action, given for X G b by: 

X"(a) ^ ^ 1^ "e*-f (a) , X G , a G A°° , 

and we extend it to the whole enveloping algebra U{q), by declaring that the map t({b) End(^°°), 
X n- is an algebra homomorphism. The subspace A°° carries a finer topology associated with the set of 
semi-norms: 

\\a\\,,x ■=\\X"{a)\\,, aeA°°, XeU{b),jeE. 
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Considering the PBW basis oiU{b) associated to an ordered basis of b as in ([3]) , one can use only countably 
many semi- norms to define the topology of A°°. The latter are indexed by (j, fc) S N^, where j refers to 
the labeling of the initial family of semi-norms {|M|j||}j6N of A and k refers to the labeling of the filtration 
U{b) = UfcgNZ^fe(b) associated to the chosen PBW basis, as defined in In turn, A°° becomes a Frcchet 
space, for the topology associated with the semi-norms 

:^-^[0,oo), sup = sup ^^^^ , j, fc € N , (59) 

with \.\k the ^^-norm of Wfc(b) defined in ([6|). As in ([9]), we have 

\\a\\jM < max ||a||_,-^x/3 , 

with {X^, < k} the basis (O of Z^fc(b). Hence the semi-norms ([5^ are well defined on A°° . 

In the context of a tempered action on a Frechet algebra A, we observe that the restriction of the action 

to A°° is also tempered, but never isometric, even if the action is isometric on A and unless the group is 

Abclian. 

Lemma 5.3 Let (A, {\\.\\j}, a, {fx'j}) a Frechet algebra endowed with a tempered action of a tempered Lie 
group G. Then, the restriction of a on A°° is tempered too, with: 

\\a9{a)hM < C{k)^g)'' fi'^ig) \\a\\,,k , j, fc G N, g e G, a € , 



where the function d G C°°{G) is the modular weight defined in Example 
Proof. First remark 

ll"s(a)llj,fe = sup —<tJ-j{g) sup 



As for X ^Ukis) and a G A°° , we have 

\\X"ia)h<\X\, sup ^|X|,HaH,;,, 

we get, with |Adg|/j denoting the operator norm of the adjoint action of G on the normed space (Ukio), 



||as(a)||j,fe < sup _ — \\a\\j^k = ^^"(s) lAdJfc ||a||j- fe 

and one concludes using Lemma l2. 9 



Example 5.4 Applying the former result to a = i?* and A ~ S^"-^" (B) (which is its own space of smooth 
vectors), we see that the the right-action of B on 5'^<:='"(B) is tempered. 

For a G ^, we let a{a) be the ^-valued function on B, defined by 

a{a) := [g G B i-^ oig{a) G A] . 

Given 6* G M* and f G our goal is to defined a new product - on A°" by mean of the following 

formula: 

a *9 ,p b := (a(a) a{b)) (e) , 

and to show that this new algebra structure is compatible with the Frechet topology of A°° . 
The following statement is the foundation of our construction: 
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Lemma 5.5 Let («,{/!"}) be a tempered and strongly continuous action of a Lie group G on a Frechet 
bra [A, {\\.\\j}). Then, we have an equivariant continuous embedding 



a:A°^^ B^''?°'^G,A°°) , a ^ a{a) = [g e G ^ ag{a) € A"^] . 
Proof. Note first that for a e ^ and g,go S G, we liave 

a(a9(a))(5o) = "905(0) = (-Rg"(a)) (fo) , 

and thus a : a E A 1-^ [g ^-^ ctgio-)] ^ C{G,A) intertwines the actions R* and a. Let now a G and 
X G U{g). By cquivariancc and strong-differentiability of a on A^ , we get 

Xa{a) = a{X"a) . 

Since for all j E N and all a S wc have ||Q!g(a)||j < fi'j{g)\\a\\j, we deduce that 

lia(a)||,, fe,^=.oo = sup sup^— sup snp " f < sup 

xeUk(B)9eG tJ-.j[9)\X\k X£Ukis)geG lJ-j[g)\X\k xeUkis) \^\k 

This analysis shows that a : A°° — > B^^^ (G, A) is continuous. Now we want to take into account the 
intrinsic topology of A°° in the target space of the map a. Remark that the topology of B^'^^ " ^{G,A°°) is 
associated with the countable set of semi-norms 



\\F\\{3,k),k',p.'^^>',ao= sup sup sup 



\\Y-{XF{g)% 
{g)^{g)>^\X\k,\Y\k 



Since ag-i o X°' o ag ~ (Ad^-iX)" for all X G U{q) and g G G, we get for F — a{a): 

\\a{a)\\U,k),k',t,'-T,Koo= sup sup sup ^fc 1 yl 1^1 

||y"(ag(X"a))||,- 
= sup sup sup — — — , j j — — 

xeu^,(B) 9&G Yeu.is) t^'j[9)Hgr l^k' \Y\k 

\\ag{{Adg-.YrX-a% 
= sup sup sup — — — 
xeu^,iB) gee Yeu.is,) 5(g)'' \X\k' \Y\k 

\\iAdg-.YrX-a\\, 
< sup sup sup 



x<^Uy(B) geG yeWfc(a) ^(9) \X\k' \y\k 



< [ sup — . . , ) sup sup 



\Y"X"a\ 



-geo ^ xeWfc,{B) yeWfc(B) \X\k'\y\k 

/ \kdg-i\k ^f \YX\k+k' \ H^"aHj- 



lAdg-iU y |y^|fc+fc' 
sup — , I sup sup j j j— 

geo 5(5) ^ ^X&Uy(g) YGWfc(B) l^lk' \Y\k 



/ Kiikv |y^ifc+fc' A II II 

^ ( ^^P J \k j [ ™P ™P lyl IVI j Mi-k+k' 

and one concludes using Lemma 12.91 ■ 
The next result, although rather obvious, will also play a key role. 

Lemma 5.6 Let A be a Frechet algebra with topology coming from a family of semi-norms {||.||j} and let 
{fJ-j} be a family of tempered weights on a Lie group G. Then, the evaluation map at the unit element, 
B^'^^^G,A) A, F 1-^ F{e), is continuous. 

Proof Fix j G N. Assuming that ^j(e) = 1, we have for any F G B^'^^^{G,A): 

i^'JWj - — n~ - — n~ ^ i-o,Mj,oo , 

Aij(e) geG JJ-jig) 

and the result follows immediately. ■ 
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Last, we need to lift the action a from to B^^i ^ ^ (B, A°^) and to show that this Hft acts by automorphisms 
of the product -kg,f. 

Lemma 5.7 Let {Mj,fc}(j",fc)eN2 be a family of tempered weights of sub-multiplicative degree {{Lj^k, Rj.k)} 
and (a, he a strongly continuous and tempered action of a normal ygroup V> on a Frechet algebra 

{A{\\.\\j)j&i)- ForgeM, the map 

ag-. F^ [goeB^ ag{F{go))] , 

is continuous on 6{^j.'=>(B,y^°°). Moreover, given {9,f) G M* x 0^, a defines an action ofM by automor- 
phisms of the deformed product in the sense that for all F € B^'^^-"'^ (1B,A°°) and F' € i3^^i-'=^(B, 
with {/ij J.} another family of tempered weights on B of sub-multiplicative degree {(L^- j., i?^- j.)}, we have 

ag{F*e,fF') ^ ag(F) *e,f ag{F') , V5 G B , 

in S^^^.t'^^.'='''''^(B,y^°°). 

Proof For F G B^^'^^>'^M, A°°), X,Y e U{h) and g,g' G B, we have 

Y'^{Xag{F){g')) = a,((Ad,-.y)" {XF{g')) 

This entails that 

\\Y"{Xag{F){g'))\\, 

||as(i^)||(j,fc),fc',M,..,oo = sup sup sup /^/Xlyl \v\ — 

\\agUkdg-^Yr {XF(g')) 
= sup sup sup — -— 

xeu^ib) ff'GB YeWfc,(b) l^]M9 ) 1-^ |fe' K |fc 

<C(fc)/.^"(.g)0(5)'= sup sup sup " n^yf^'ivl' 

xeu^rib) g'ev, YeUk,{b) f-jMQ ) \^ \k' |-» |fe 

proving the continuity. 

Next, consider F G B^^'^■''^M,A°°) and F' G 6^^^-'=^(B, together with and {Mj-,fc}, two 

families of tempered weights that dominate respectively {/^j,fe} and {n'j f.}. Defining F„ := _Fe„ G I?(B,^) 
and F^ = F'e„ G ^(B,^^), with e„ G X'(B) defined in dn]), from 

ag(i^„) = ag{F)en , = Q;g(F')e„ , 

we deduce from Lemma [2.81 (viii) that {c(g{Fn)} and {Q;g(F^)} converges to {dg(F)} and {ag{F')} in the 
topologies of i3{'^3-'=>(B,yl°°) and F' G i3^'"3.'=^(B, respectively Thus, we can use Lemma [2T391 to get the 
d-equivariance at the level of smooth compactly supported functions from the commutativity of a and R*: 

oigiF -i^e.f F') = ag( lim F^-kg^f F'-^,) ^ lim ag(Fn'*^e,f F^,) 



n.n -^OQ n.n ^00 



lim dg(i^„)*0,f dg(F,',) = dg(F) *0.f^ Q;g(i^') , 

n,n'—)- 00 



m 



^{^,1' M,,*, ^•''■}(]B^^°°), and this concludes the proof. ■ 
We are now prepared to state the main result of the first part of this paper: 

Theorem 5.8 (Universal Deformation Formula of Frechet Algebras) Let (^, a,B) he a Frechet al- 
gebra endowed with a tempered and strongly continuous action of a normal ygroup. Let also G M* and 
T G 0^. Then, (^°°,*g -) is an associative Frechet algebra with jointly continuous product. 
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Proof. Let {n"} be the family of tempered weights, with sub-multiplicative degrees {{Lj,Rj)}, associ- 
ated with the tempered action a as in Definition 15.11 Let a, 6 G .4°°, then by Lemma 15.51 a{a),a(b) G 
SKi''}(B,^°°). Then, since O is sub-multiplicative of degree (1, 1), Theorem 14.71 shows that a{a) -kg^fa{h) 

belongs to B^^^ ' (B, A"^) and that the map 

is continuous. Applying Lemma [5761 for the Frechet algebra .4°° then yields that the composition of maps 

A°° X ^6^^°'''''"'>(B,yl°°) {a,b) ^ a{a) i^e,r a{b) ^ (a(a) ★e,? «(&)) (e) =: a*^_y&, 

is continuous. 

It remains to prove associativity. With a defined in Lemma [5.71 we compute for a,b E A°° and 5 GB: 
a{a-kg.pb){g) = ag{a-kg.fb) = ag{a{a) -kg,f a{b){e)) = ag{a{a) i^g^^ a(b)){e) . 

Using Lemma jSJl we deduce the equality in ' ^'"^ (B, A°°): 

ag{a{a)-kg^fa{b)) ^ ag{a{a)) -kg^f ag{a{b)) . 

As a short computation shows, for a E A and 17 G B, we have ag(a(a)) = L*_i(a(a)). Thus, using the 
equivariancc of the product -kg ^ under the left regular action, as stated in Theorem 14.71 we get 

ag{a{a)) ^g^i' ag{a{b)) = {a{a)) kg^f {a{b)) = {a{a) ^g^^^ a{b)) , 

in B^'^j '{M,A°°). Evaluating this equality at the unit element, yields, by Lemma [521 the equality in 

A°" (remember that 5 G B is fixed): 

a{a -k'^ f b) (5) ^ L*-i {a{a) k:g^f a{b)) (e) = (a(a) -kg^f a{b)) {g) . 
Hence, we proved that the functions a(a Tk-^ - 6) and a{a) -kg ^ a{b) coincide. This implies for a, 6, c G A°°: 
a-k'^ .p (6*g^c) = {a{a) -kg^f a{b -k^ p c)) (e) = (a(a) ★e,? {a{b) -kg^f a{c))){e) , 

and the associativity of *g - on A°° follows from associativity of -kg jf on the triple Cartesian product of the 
space S^^j"^ ^B,A), as stated in Theorem|131 ■ 

Remark 5.9 Contrarily to the R^'^-action case treated in [19], in the non-Abelian situation the original 
action is no longer an automorphism of the deformed product kg^f on A°° . This can be understood as the 
chief reason to introduce the whole oscillatory integrals machinery in section|2]and also to consider the spaces 
B^'^^^{E,A) for families of weights {^ij}. 

To conclude this section, we establish a formula for the deformed product -kg - on A°° , which in some sense, 
is more natural. It will also clarify an important point, namely that the universal deformation of algebr£@ 
A = C,.u(B), for the action a ^ R* coincides with (S(B), T^e^^) . 

Proposition 5.10 Let (a, {/i"}) be a (strongly continuous) tempered action of a normal y group M on a 
Frechet algebra {A, Then, for a,b E A"^ and 6* G K*,, r G 0^, we have 

a - 6 = / Kg^;f (a(a) ® a{b)) , (60) 

where we denote 

a{a) (g) a{b) : B x B ^ A°° : {x, y) aa;{a)ay{b) . 

^Remind that Crii(B) denotes the C*-algebra of right uniformly continuous and bounded functions on B. 
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Proof. Since for a G A°° , the element a{a) belongs to /B^^j ^(]B,.4°°), by Lemma and the Leibniz rule, 
we get that 

a{a) «) a{b) e giA^^f (1 x M,A°^) , 
which shows that the right hand side of (|60l) is indeed well defined. Next, by definition we have 

where the map TZ <E)Tl has been defined in Lemma 12.371 Now, using Lemma 12.391 we get with the element 
e„ e I?(B) defined in (Il2|), n e N, the equality in i3^'^° '°""'^(B,^°°): 

a{a) 'kg^;f^ a{b) ^ lim / ii'e^y(a;, y) i?*(e„Q!(a)) i?*(e„ia(&)) dB(a;) dB(2/) . 



n,m— f oo 



By Lemma [5.61 '^e know that the evaluation at the neutral element is continuous from B^^^ ^ ^{M,A°°) 
to A°°. Thus we get 



a-kg;f.b=(a{a)-ke,ra{b)){e)^ lim / Ko.f{x,y) en{x)aj:{a) emiy)ay{b) daix) d^iy) , 
one then concludes using Proposition 12.271 

Corollary 5.11 Let 9 eR* and f e &^ . For A = C.™(B) and a = R* , we have 

{A'^,*lf) = (e(B),^e,f) . 



Proof. By Lemma [2.61 (ii). the set of smooth vectors in Cru(^) for the right-regular action is B{M). By the 
Proposition above, there algebraic structures coincide too. ■ 

5.2 Relation with the fixed point algebra 

Under slightly more restrictive conditions on the tempered action (a, we exhibit a relationship 

between the deformed Frechet algebra {A°°,-kgf) and a fixed point sub-algebra of [B^^i ^ (M,A),-kg,f^) . This 
construction is very similar to the construction of isospectral deformations of Connes and Dubois- Violette 
[To] . So, thorough this paragraph, we still assume that .4 is a Frechet algebra carrying a strongly continuous 
and tempered action a of a normal j-group B. But now, we further assume that the action is almost- 
isometric. By this, we mean that there exists a family of tempered weights {fJ-f} such that for a € A and 
all g e B, we have 

ll"s(a)llj = m"(.9) \\a\\j ■ 

Example 5.12 Take any Lie group G and define 

A^ LP{G)nL^{G), p(E(l,oo), 

normed with ||.||p + l|.l|oo- On this Banach algebra, the right regular action is almost isometric with associated 
weight given by A^^. 

Also, to simplify the discussion below, we assume that each weight /i" is sub-multiplicative. We start with 
the simple observation that for any family of tempered weights {fJ-j}, the extended action (defined in Lemma 
15. 7p d on B^'-''^^{M,A), commutes with the left regular action L*. This leads us to defined the commuting 
composite action /3 :— d o L* = L* o explicitly given by: 

{PgF)igo):^ag{F{g-'go)), ff,ffoeB, F G S^^^>(B, ^) . 
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Note also that by Lemma [2.81 (ii) and Lemma [5.71 for fixed g G B, /3g sends continuously B^^^^ {M, A) to 

B'^^j ^(B,^), if {Lj,Rj) is the sub-multiplicative degree of the weight ^ij. Thus, in our context of sub- 
multiplicative weights, l3g is continuous on B^^j -'^(B,^). 

Now observe that for an almost isometric action of a Lie group G on a Frechet algebra A, the map a : a i— > 
[g ag{a)], is an isometric embedding of A°° into B^^' ^(G, A). Indeed for all j, fc e N, we have 

lla(a)llj,fe,M°,«= = sup sup— — — ^ 

By {B^'^i ''(B,^))^, we denote the closed subspace of B^'^i ''(B,^) of fixed points for the action /3. It is then 
immediate to see that the image of A°° under a lies inside {B'^^^ '^(B,^))'^. Reciprocally, an element F of 
(S^''i^(B,y^))'', satisfies F{g) ag{F{e)) for all g e B, i.e. F = a{a) with a := F{e) £ A. But by our 
assumption of almost-isometry and (pT|) . we have \\a\\j^k = ||^|jj,fe,oo, for all j, G N, and thus a = F{e) has 
to be smooth. This proves that a : — > (B^^j ''(B,^))'^ is an isomorphism of Frechet spaces, which is 
isometric for each semi-norms. Moreover, the map a is an algebra homomorphism. Indeed, by the arguments 
given in the proof of Theorem 15.81 applied to the case of an almost-isometric action with sub-multiplicative 
weights {^"}, for all a, & e A°° we have the equality 

a(a*^_y&) =a(a)*e,?a(6) in (S^^°>(B, y^))'^ . 
In summary, we have proven the following: 

Proposition 5.13 Let 9 £ M.* , f E &^ and let (A, a) be a Frechet algebra endowed with a (strongly 
continuous) tempered and almost-isometric action with sub-multiplicative weights {fJ-f}, of a normal y group 
B. Then, we have an isometric isomorphism of Frechet algebras: 



Remark 5.14 We stress that the assumption of sub-multiplicativity for the family of weights {^j }: asso- 
ciated with the tempered action a, is in fact irrelevant in the previous result. However it is unclear to us 
whether a similar statement holds without the assumption of almost-isometry. 



5.3 Functorial properties of the deformed product 

To conclude with the deformation theory at the level of Frechet algebras, we establish some functorial 
properties. We come back to the general setting of a strongly continuous and tempered action (a, {/x"}) of 
a normal j-group B on a Frechet algebra A (i.e. we no longer assume that the action is almost isometric). 
We start with the question of algebra homomorphisms. 

Proposition 5.15 Let (.4, {|| .|| j}, a), (J^, {|| .||^}, /3) two Frechet algebras endowed with a strongly continuous 
and tempered actions of a normal j-group B by automorphisms. Let also T : A ^ F be a continuous 
homomorphism such that for all J G N there exist k{j) € N and Cj > 0, such that for all a € A, we have 
||r(a)||^- < Gj ||a||^.Q) and such that T intertwines the actions a and jS. Then for any 6 eW and f £ &^ , 

the map T restricts to a homomorphism from (^°° , -) to {F°° , *g -) . 

Proof. Since by assumption T o a = (3 o T, we get for any P £ U{b) that T o P°' = P^ o T, which entails 
that T restricts to a continuous map from A°" to T°° . The remaining part of the statement follows then by 
Lemma 12.311 ■ 
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Next, we prove that if a Frechet algebra is endowed with a continuous involution, then the latter will also 
define a continuous involution for the deformed product, under the mild conditioi:|^ that f{—a) = T{a). 
Indeed, the latter implies that 

so by Lemma r2.39[ we get: 

Proposition 5.16 Let (.4, a) be a Frechet algebras endowed with a (strongly continuous) tempered action 
of a normal ygroup B. Assuming that for g M* and f S &^ , we have fj (—a) = tj (a), j = 1, • • ■ , N , then 
any continuous involution of A°° is a continuous involution of(A°",*gf) too. 

In a similar way, we deduce from Lemma 12.391 that the deformation is ideal preserving: 

Proposition 5.17 Let (A, a) be a Frechet algebras endowed with a (strongly continuous) tempered action 
of a normal ygroup B and 9 G R*, t G 0^. If I is a closed a-invariant ideal of A, then I°° is a closed 
ideal o/(y^°°,*^_-). 

We now examine the consequence of the fact that the constant function is the unit of (Z?(B), *e.f) ■ 

Proposition 5.18 Let (.4, a) be a Frechet algebras endowed with a strongly continuous and tempered action 
of a normal ygroup B and G M*, t G 0^. If a E A°° is fixed by the action a, then for b G .4°°, we have 

a-kg ;pb = ab, b a = ba . 

Proof. This is a consequence of Proposition 14.91 together with the defining relation of the deformed product: 

a-kg fb = (a(a) -kg ^ a(5)) (e) = (a -kg ^ a(6)) (e) = (aa(6)) (e) = ab . 

The second equality is entirely similar. ■ 

Next, we study the question of the existence of a bounded approximate unit for the Frechet algebra {A°° , ■ 
We recall that a Frechet algebra {A, {||-|jj}) admits a bounded approximate unit if there exists a net {e\}\^\ 
of elements of A such that for any a £ A, the nets {aeA}AGA and {exa}xi£A converges to a and such that for 
each j G N, there exists Cj > such that for every A G A, we have \\ex\\j < Cj. 

Proposition 5.19 Let {A, a) be a Frechet algebra endowed with a strongly continuous and tempered action 
of a normal ygroup M and such that A admits a bounded approximate unit. Then for any 6 £ M.* , r G 0^, 
the Frechet algebra {A°°,kg^) admits a bounded approximate unit too. 

Proof. Let {fx} be a net of bounded approximate units for A, let < tp G 2?(B) of L^-norm one and define 

ex / V'(3)as(/A)dB(g) • 
Jb 

Observe that even if {fx} is not smooth, {ex} is. Indeed, for all X £U{b), we have 

X"eA= / mg)ag{fx)dM{g) , 
Jb 

and we get for the semi- norms defining the topology of A°^, with {/^"j the family of tempered weights 
associated to the temperedness of the action a: 

Wxhk^ sup f\xm)\Mfx)hdu{g)< [ sup ^^^"(5)d,(5)x||M|,. 

xeUkib) \^\k Jb JsxeUkib) 1^ Ifc 



Hence, the net {ex} belongs to A°° and is semi-norm-wise bounded in A G A as \\fx\\j is. Next, we show 
that it is indeed an approximate unit for A°°: Since J ip = I, we first note that for any a G .4 

exa-a= / tp{g) {ag{fx)a - a) dnig) = / tpig)ag{fxag-i{a) ~ ag-i{a)) dnig) , 



®In Lemma 18. 201 we will see how to suppress this extra condition. 
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which gives 

\\exa-a\\j< I 4'{g) fi"{g) \\fxag-i{a) - ag-i{a)\\^ dMig) 



which converges to zero because \\fxag-i{a) — ag-i{a)\\j does by assumptions and because ijj is compactly 

supported. The general case is treated recursively exactly as in the proof of Lemma [^TBl (viii). 

Hence, A°° (with its original algebraic structure) admits a bounded approximate unit too. Now, we will 

prove that a bounded approximate unit for A°° is also a bounded approximate unit for -). 

So, let {e\} be any bounded approximate unit for A°°. First observes that if we view the product -kg^f as a 

bilinear map 



a slight adaptation of the arguments of Proposition 14.91 shows that for all a G A°° : 

1 a{a) — a{a) , 

where 1 denotes the unit element of S(B). Combining this with Proposition lS.lOl gives the equality in A°°: 

ex-kg ;pa — a— / Kg^^ (a{ex) a{a) — aia)) , 

JBxB 

where 

a{ex)®a{a) ~l(^a{a) := [{x,y) e B x M ^ a^{ex)ay{a) - ay{a)] e 6^'"?^'^^^ °'^^''=^"(B x 1, . 

But by Proposition 12.301 we know that given {j,k) e N^, there exist positive integers r £ N^^, such that 
(where the differential operator Df is given in ([Ml) ), wc have 

ex*g^fa - a = / Kg^f{x,y)'Dp[ax{ex)ay{a) - ay{a)) dnix) d^iy) , 

JMxS 

with the integral being absolutely convergent for the semi-norm ||.||j,fe oi A°°. As, the net {ex}x£A is bounded 
in the semi- norm l|.||j,/£, we may apply dominated convergence to get 

lim||eA -kg^fa-a\\j,k = . 

This concludes the proof as the arguments for a-kg e\ are similar. ■ 

At last, we show that the deformation associated with a normal j-group coincides with the iterated defor- 
mations of each of its elementary normal j-sub-groups. 

Proposition 5.20 Let M be a normal ygroup with Pyatetskii- Shapiro decomposition B = B' k §, where B' is 
a normal ygroup and § is an elementary normal ygroup. Let A he a Frechet algebra endowed with a strongly 
continuous and tempered action (a, {/^"}) o/B. Denote by (respectively by a^) the restriction of a to B' 
(respectively to S). For C a subspace of A, denote by (respectively by C^' , C|° J the set of smooth vectors 
in C for the action o/B (respectively o/B', S). Then, for 6 E M.* and f = (t',ti) E 0-'^+-'^ (N is the number 
of elementary factors in M' ), we have 

Proof. Observe that being the restrictions of a strongly continuous and tempered action, the action of § 
on A is also strongly continuous and tempered. But the action a™ of B' on A^ is also strongly continuous 
(which is rather obvious) and tempered. To see that, note that for g' G B' and a E A^ , we have 



«»:(a)||, \\a«:{{Mg,-.Xra)\\, ^ ,^ ||(Ad,,-.X)"^a||,- 
= sup = sup — <lJ'j{9) sup 
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As B' acts on § by conjugation, it acts on Z^fc(s) and by Lemma [2.91 we deduce that 

\\4{a)\\,.,<C{k)t,';{g'Mg'f\\ahM. (62) 

and hence the action o?" of B' on is tempered with associated family of tempered weights given by 
{/i"c)'^}(j_fc)gN2. Note also that the subspace of smooth vectors for B coincides with the subspace of smooth 
vectors for B' within the subspace of smooth vectors for S, i.e. 

Indeed, the inclusion C (^s°)b? is clear since a e (^|°);^ if and only if for aU X' e U{b'), aU X e U{s) 
and all j G N, we have 

\\X'"' X"' a||j- < oo , 

and X'X € U{b). But this also gives the reversed inclusion since has [b',s] C 5, any element of U{b) can be 
written as a finite sum of elements of the form X'X, with X' G Z^(b') and X G U{s). 

Next, we show that the action a® of B' is by automorphisms on the deformed Frechet algebra ^-j)- 
First, by Proposition 15 . 101 and Lemma [2.391 we get with the elements e„ e !?(§) defined in p2)) . n G N, and 
for a,6 e A^: 



a-kg i K0,rAa{a) ® a{b)) = lim / i4:e,ri(a;, y) e„(a;)a^(a) em(?/)a^(6) ds(x) ds(y) . 



/SxS "'"'^°°JSxE 

Observe also that (|^ shows that for g' g B' fixed, the operator a* is continuous on A^ . From this and 

the absolute convergence of the integrals in the product ★g at the level of compactly supported functions, 
we deduce that for a, 6 G A^ and g' gW: 



— lim 


"'A 


n,m— ^oo 




= lim 


1 


n,m— J- oo 




= lim 


j 


n.m— >oo 


JSxS 



b) = lim a", ( / i^e.n (x, y) e„(x)a|(a) e,„(?/)Q!^(6) ds(a;) ds(2/) ) 
Ke.Tiix, y) en{x)ag'x{a) em{y)ag'y{b) ds{x) ds{y) 

I 

K9,r, {x, y) e„(a;)a| , {af, (a)) e™(y)ag , (a",' (6)) dsix) dsiy) 
Remember that 

R e Hom(B', Aut(S, s, lo^) n Sp(y, w°)) , 

where (¥,0;") is the symplectic vector space attached to §. Using the invariance of the two-point kernel of 
the left Haar measure under the action of Sp(y,a;") = Aut(§) n Aut(§, s,uj^), we get: 



n.m—f 00 



/ Ko.riix,y)en{x)al{a^,{a)) emiy)ay{a^,{b)) ds{x)ds{y) 

™^ /SxS 



= "s' (a) *e,ri "s' (0) ■ 

Thus, both Frechet algebras [{A^ , *g .^^ )|? and , *g -) are well defined and their underlying sets 
coincide. It remains to show that their algebraic structures coincide too. But this follows from Proposition 
12.331 as the the extension homomorphism R of B = B' Kr S is tempered. ■ 



6 Quantization of polarized symplectic symmetric spaces 

We arc arrived at the second part of this work. Here we consider the data {A, a, B), consisting in a C*-algcbra 
endowed with a strongly continuous and isometric action of a normal j-group. Our aim is to construct a 
C*-norm on the deformed Frechet algebra (A°°,*^-). Our methods rely on the construction of a global 
pseudo-differential calculus on the symplectic symmetric space underlying an elementary normal j-group, in 
such a way that the associated law of composition of symbols is indeed the star-product ★g^. Because a 
good part of our results do not rely on specific properties elementary normal j-groups. wc formulate them 
in the more general context of polarized symplectic symmetric spaces. 
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6.1 Polarized symplectic symmetric spaces 



Let (M, s, uj) be a symplectic symmetric space and let Aut(Af, s, w) its automorphism group and aut(M, s, uj) 
its derivation algebra (see Definition 13.71 and Proposition 13. 9p . Choose a base point o in M. Then the 
conjugation by the symmetry at o yields an involutive automorphism of the automorphism group: 

a : Aut(il/, s, ui) — > Aut(M, s,lo) , g i-^ Sg o g o So <j{g) ■ (63) 

We extract the following result from [T]: 

Proposition 6.1 The smallest sub-group G{M) o/ Aut(Af, s, a;) that is stable under a and that acts tran- 
sitively on M is a Lie sub-group o/ Aut(A/, s,a;). It coincides with group generated by products of an even 
number of symmetries: 

GiM) =gT{s^.osy \x,yeM} . 
The group G{M) is called the transvection group of M. 
We now come to the notion of polarized symplectic symmetric spaces: 

Definition 6.2 A symplectic symmetric space (Af, w,s) is said to be polarizable if it admits a G{M)- 
invariant Lagrangian tangent distribution. A choice of such a transvection- invariant distribution W C TM 
determines a polarization of M , in which case one speaks about a polarized symplectic symmetric space. 

The infinitesimal version of the notion of symplectic symmetric space is given in the following definitiorQ: 

Definition 6.3 A symplectic involutive Lie algebra (shortly a "siLa") is a triple {g,a,zu) where g is 
a finite dimensional real Lie algebra, a is an involutive automorphism of q and tu G /\ q* is a Chevalley 
two-cocycle on q (valued in the trivial representation onR) such that, denoting by 

Q = i®P , 

the ±l-eigenspace decomposition of g associated to the involution a ~: id{ (— idp), the cocycle vo contains 
t in its radical and restricts io p x p as a non- degenerate two-form. A morphism between two such siLa's 
is a Lie algebra homomorphism which intertwines both involutions and two-cocycles. 

Definition 6.4 A transvection symplectic triple is a siLa (0,(t, ro) where 

(i) the action of t on p is faithful, and 

(ii) [p,p] - « . 

Given a symplectic symmetric space (Af, s,w), we can define a transvection symplectic triple (0,(7,07) as 
follows: Q is the Lie algebra of the transvection group G{M), a is the restriction to g of the differential of 
the involution (|63[) and w = TrJgWo is the puUback of uj at the base point o by the differential Tr^^e : — > TqM 
of the projection tt : G{M) — > Af , g 1— > g.o. Defining the notion of isomorphism in the obvious way, one has 

Proposition 6.5 The correspondence described above induces a bijection between the isomorphism classes of 
simply connected symplectic symmetric spaces and the isomorphism classes of transvection symplectic triples. 

Generally, the two-cocycle vo is not exact, or equivalently, the symplectic action of the transvection group on 
the symplectic symmetric space is not Hamiltonian. However, it is always possible to centrally extend the 
transvection group in such a way that the extended group acts on A^ in a Hamiltonian way. The associated 
moment mapping then consists in a symplectic equivariant covering onto a co-adjoint orbit. The situation we 
consider in the present article concerns such non-exact transvection triples underlying polarized symplectic 
symmetric spaces. 

Lemma 6.6 Let (Af , s, uj) be a symplectic symmetric space, polarized by a transvection-invariant Lagrangian 
distribution W C TAI. This data corresponds (via the correspondance of Provosition [K^) to a t-invariant 
Largangian subspace W in p. 

Proof. Under the linear isomorphism ^^^,e\p : p — >■ ToM the subspace Wo of TqM corresponds to a Lagrangian 
subspace W of the symplectic vector space (p, nj). ■ 

'^Involutions a are denoted the same way either at the Lie group or Lie algebra level. 
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According to the previous Lemma, we use the fohowing terminology: 

Definition 6.7 A transvection symplectic triple (g, cr, tu) is called polarized if it is endowed with W , a 
^-invariant Lagrangian subspace of (p,zu). 

Let (g,(7, Cij) be a non-exact transvection symplectic triple polarized by a Lagrangian subspace W G p. 
Let us consider 2), the algebra of VF-preserving symplectic endomorphisms of p. Note that the faithfulness 
condition (i) of Definition 16.41 implies the inclusion t C D. The vector space 2) © p then naturally carries 
a structure of Lie algebra (containing g) that underlies a siLa. We centrally extend the latter in order to 
define a new siLa: 

with table given by 

[X,YU:=[X,Y]+w{X,Y)Z , [X,ZU-0, yX,Y€^®p, 

where [., .] denotes the Lie bracket in J) ® p and where we have extended the 2-form on p to a 2-form on 
the entire Lie algebra S) ® p by zero on D . 

Lemma 6.8 Let {Q,a,vu) be a non-exact polarized transvection symplectic triple. Within the notations given 
above, consider the element ^ G defined by 

Define moreover: 

2):=D®MZ, cr£ := idg ® (-idp) and g = g e RZ , l = t®RZ, ct := idj © (-idp) . 
Then, the triples (£, (T£,(5^) and (g,(T,(5^|~) are exact siLa's. 

Proof. We give the proof for the first triple (£, (T£, 5^) only, the second case being handled in a similar way. 
Since for X, F e p, we have [X, F] e t C 2), we get 

5^{X, Y) = (e, [X, Y].) = (^, [X, Y] + uj{X, Y)Z) = nj{X, Y) , 

which at once proves closedness, non-degeneracy and S-invariance of the 2-form (5^ on p. ■ 

Remark 6.9 The exact siLa's (£, ctc,!?^) and (g, o',(5^|-) and the non-exact siLa (g, cr, tu), all represent the 
same simply connected symplectic symmetric space. 

Definition 6.10 Given an exact siLa (g,cr, tu) (i.e. w ^ for an element ^ G Q*), by a polarization 

affiliated to ^, we mean a a-stable Lie sub-algebra b of q containing t and maximal for the property of being 
isotropic with respect to the two- form w. 

Let (G, cr) be a connected involutivc Lie group associated to the involutive Lie algebra (g,cr) underlying an 
exact siLa with b a polarization as in Dcfinit ition 16 . 1 Ol In that context, denote by _B := exp{b} the analytic 
(i.e. connected) Lie sub-group of G with Lie algebra b. We will always assume B to be closed in G. Since 
B is stable under cr. the coset space G/B admits the following natural family of involutions a: 

M X G/B ^ G/B , [gK, g^B) ^ a^j^igoB) := ga{g-'go)B , (64) 

where we recall that under the identification M ~ G/K the symmetries read Sgxig'K) := ga{g~^g')K, 
where K is the sub-group of G constituted by cr-invariant elements which are connected to the neutral 
element. 

Definition 6.11 With the same notations as above, the quadruple (G,cr, ^, B) is called a polarization 
quadruple. Its infinitesimal version (g, a, ^, b) is called the associated infinitesimal polarization quadru- 
ple. A morphism between two polarization quadruples {Gj,aj,S,j, Bj), j ~ 1,2, is defined as a Lie group 
homomorphism 

(j) : Gi ^ G2 , 

that intertwines the involutions, such that (t>{Bi) C B2 and such that, denoting again by (f> its differential at 
the unit element, one has 4>*^2 = S,i ■ 
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The map ([M]) corresponds to an 'action' of the symmetric space M ~ G/K on the manifold G/B. The 
fohowing result is a consequence of immediate computations. 

Lemma 6.12 Let {G,a,^, B) be a polarization quadruple. Then, the following properties hold for all x and 
y in M : 

Moreover, we have the G-equivariance property: 

9° Q.x° .9 = ^g.x ' \/g ^ G ,\/x ^ M . 

We also observe that under mild conditions on the modular functions of G and B, a G- invariant and M- 
invariant measure always exists on the manifold G/B: 

Lemma 6.13 Let {G,a) be an involutive Lie group and B a a-stable closed subgroup of G such that the 
modular function of B coincides with the restriction to B of the modular function ofG. Then, there exists 
a (unique up to normalization) Borelian measure dc/B on the manifold G/B which is both invariant under 
G and under the action of AI = G/K given in (j64[) . 

Proof. Under the closedness condition of B and under the coincidence assumption for the modular functions, 
it is well known that there exists a (unique up to normalization) G-invariant Borelian measure d^^^ on 
G/B. Now, define dc/B '■= '^g/b ~^ '^g/b- —K involution, the latter measure is a^^-invariant. 

Moreover, from L* o = ct^ o on G/B for all g E G, we deduce that dG/B is also G-invariant. By 

uniqueness of dji,^^, the latter is a multiple of the former. To conclude with the M-invariance, it suffices to 
observe that for all g G G, we have ct*^ = L* o q/^ o L*_i . ■ 

We end this subsection by constructing two canonical exact polarization quadruples out of a non exact 
transvection triple. We omit the proof which is immediate. 

Proposition 6.14 Let (0,17,07) be a non-exact transvection symplectic triple polarized by W d p. Within 
the context of Lemma \ 6.8l we set S := T) ® W and b :~ t ® W. Then the quadruples (£, cro,^, *8) and 
(0, tT,^|-,b) are polarization quadruples. 

The latter observation leads us to introduce the following terminology: 

Definition 6.15 Starting from a non-exact polarized transvection triple (g, cr, nj), the associated polariza- 
tion quadruple (£,cr£,^, *B) is called the (infinitesimal) full polarization quadruple. The sub-quadruple 
(g, (T,^|-,b) is called the associated (infinitesimal) transvection quadruple. 

In the sequel, we will denote by L the connected, simply connected Lie group with Lie algebra £ and we 
will consider the connected Lie sub-group G of tangent to g. We will denote by B (respectively B) the 
connected Lie sub-group o/L (respectively of G) associated to *8 (respectively to b). 

6.2 Unitary representations of symmetric spaces 

In this subsection, we fix (g, a, w) a non-exact polarized transvection triple, to which we associate a transvec- 
tion quadruple {G,a,£,, B), according to the construction underlying Definition [6J5] 

We start with the following pre- quantization condition: in the sequel we will always assume the character 
^|(, : b — > K exponentiates to i? as a unitary character 

X:B~^Uil), b^xib) 

such that locally: 

X(6) := e*<«''°s^'''^ beB. (65) 
Note that the character is automatically fixed by the restriction to B of the involution: 

Of course, the pre-quantization condition is satisfied when the group B is exponential, as it will be the case 
for Pyatetskii-Shapiro's elementary normal j-groups. 
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Lemma 6.16 Let {g,a,^,b) be the transvection quadruple of a non-exact transvection triple (g, cr, nj) such 
that B is exponential. Then, the pre- quantization condition is satisfied. 

Proof. Since B is exponential, by the BCH formula, the statement will follow from ^([b,b]g) — 0. By 
construction of ^ (see Definition I6.8p . this will follow if the Z-component of [b, b]g vanishes. But the latter 
reads m{b,b)Z which reduces to zero by Definition 16 . 101 of a polarization quadruple and by ProDOsition l6.14l 
which shows that (5,(7,^, b) is indeed a polarization quadruple. ■ 

We then form the line bundle: 

:=GX;^C^G/B, 

and consider the associated induced representation of G on the smooth sections r°°{E^). We will denote 
the latter representation by C/^. Identifying as usual T°°{E^) with the space of _B-equivariant functions: 

T°-iE^) ~ C°-{G f :- e C°°(G) | ^(gb) = xmid), Vfe G B, Vg e G} , (66) 
the representation is given by the restriction to C°°{G)-^ of the left- regular representation: 

[t^x(5)^]^(3'):=R9~V), V^er-(i?^). (67) 
We endow the line bundle E^ with the Hermitean structure, defined in term of the identification (|66p by: 



hgB{^i,^2) ■^'Pii9)^2ig), V(^i,(p2er°°(£;x), gBeG/B. 

We make the assumption that the modular function of B coincides with the restriction to B of the modular 
function of G. By Lemma 16.131 this condition implies the existence of a G-invariant and a^-invariant 
Borelian measure d^.^^ on G/B. Here, a^^ is the involutive diffeomorphism oi G/B given in (|64| for the 

involutive pair (G, a) and subgroup B, underlying the transvection quadruple {G,a,^, B). We then let Hx 
be the Hilbert space completion of rj?°(£'^) for the inner product: 



{<Pi,V'2) / hgB{<Pi,'f2)d^,g{gB) . 
Jg/b 

Of course, the induced representation of G then naturally acts on by unitary operators. Now observe 
the fact that the character x is invariant under ct, implies that the pull back under a of an equi variant 
function is again equivariant. Therefore, we get a linear involution: 

S : -> , [E^]^ :- a*^ . 

Also, the CT^-invariance of the measure d^^g implies: 

(S](^i,S<^2)= / hgBi^(pi,^(p2)dG/Bi9B) = / /i^ (gs) ((^1,(^2) d(5/s(5-S) = ((^i,<^2) , 
Jg/b Jg/b 

for all (^1,(^2 G H^, showing that E is not only involutive but also self-adjoint. Thus the element E belongs to 
Usai'H-x), the collection of unitary and self-adjoint operators on T-L^. When composed with the representation 
of G, the operator E satisfies the following properties, whose proofs consist in direct computations: 

Proposition 6.17 Let (M, s,a;) be a the simply connected polarized symplectic symmetric space associated 
to a transvection quadruple {G,d,^, B) such that the modular function of B coincides with the restriction to 
B of the modular function ofG. Then the map 

G^Usain^), g^Ux{g)^Ux{g)\ 

is constant on the left lateral classes of K in G. The corresponding mapping: 

n:M = G/K ^ UsaiU^) , gK ^ nigK) := U^ig) E U^ig)* , 
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defines a unitary representation of the symmetric spac^ M = G/K in the sense that, for all x, y in M 

and g in G, the following representative properties hold: 

n{xf = Id„^ , n{x) niy) nix) = n{s^y) , U^ig) nix) U^ig)* = nig.x) . 

Definition 6.18 The pair iH^, n) is called the unitary representation of (A/, s) induced by the char- 
acter X of B. 

Remark 6.19 In a quantum mechanical context, this type of operators are usuahy referred as phase space 
symmetry or parity operators, since they reflect the symmetric structure of the classical phase space at the 
level of the quantum configuration space (see for instance [24j [14] and the references therein) . 

We are now ready to define our prototype of quantization map on a polarized symplectic symmetric space: 

Definition 6.20 Let (A/, s,a;) be a the polarized symplectic symmetric space. Denote by L^iM) the space 
of integrable functions on M with respect to the G-invariant (Liouville) measure Am. Denote by BiH^) the 
space of bounded linear operators on the Hilbert space H^. Consider the G-equivariant continuous linear 
map: 

n : L\M) ^ Bin^) , / ^ nif) / fix) nix) dMix) . 

J M 

The latter is called the quantization map of M induced by the transvection quadruple (G,(T,^, i?). 

Remark 6.21 From ||fi(2;)|| = \\Y,\\ = 1 (the norm here is the uniform norm on BiTL^)), we get the obvious 
estimate ||0(/)|| < ||/||i, from which the continuity of the quantization map follows. Also, from Proposition 
16.171 and from the G-invariance of dM, the covariance property at the level of the quantization map reads: 

Uig) nif) Uig)* = ni^f) , V/ e L\M) , Vg G G , 

where ^/ :— [goK i— > fig~^goK)]. The latter extended cquivariance property is an essential difference 
between the present construction and the classical cohcrcnt-statc-quantization approach. Another one is 
that the quantization defined above is in general not positive, i.e. for < / G L^iM), nif) is not necessarily 
a positive operator. But since nif)* — nif), it maps real-valued functions to self-adjoint operators. 

Remark 6.22 The quantization map of Definition 16.201 is a generalization of the Weyl quantization, from 
the point of view of symmetric spaces. Moreover, we will see that for the symmetric space underlying a two- 
dimensional elementary normal j-group (i.e. for the affine group of the real line) this construction coincides 
with Unterberger's Fuchs calculus p4) . 

Our next step is to introduce a functional parameter in the construction of the quantization map. There is 
several reasons for doing this, among which there is one of a purely analytical nature: obtaining a quantization 
map which is a unitary operator from the Hilbert space of square integrable symbols, L^iM), to the Hilbert 
space of Hilbcrt-Schmidt operators on TL^, denoted by C^iTL^). This unitarity property will enable us to 
define a non- formal ^-product on L^(A/) in a straightforward way. 

Definition 6.23 Identifying a Borelian function m on G/B with the operator on TL^ of point-wise multi- 
plication by this function, we let 

Sm := m o S . 

When m is locally essentially bounded, the family of operators U^ig) U^ig)* , g & G, can be defined on 
the common domain T^iE^^). Note however that the later family of operators is not necessarily constant on 
the left lateral classes of A' in G and unless a*-, m = m^^, one looses the involutive property for Em (but one 
always keeps the G-equivariance) . Also, these operators are bounded on T-L^, if and only if the function m 
is essentially bounded. But we will see in Theorem 16 . 391 that in order to obtain a unitary quantization map 
we are forced to consider such unbounded Sm's. We mention a simple self-adjointness criterium, interesting 
on its own. 

^Indeed, the set {fi{x) : x S M} viewed as a real Banach sub-manifold of WsaCH), is endowed with a structure of a symmetric 
space for S : ^(j;)) ^ Q{x) o Q{y) o Q(x) and the later is (trivially) isomorphic to (M, s). 
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Lemma 6.24 Let m a locally essentially bounded Borelian function on G/B such that q*^ m = m. Define 
on the domain 

Bg {ip en^ ■■ \ing\if en^} where mg -.^ [goB i-^ m{g~^goB)] , geG. 
Then, flmig) is self-adjoint on Ji^. Moreover, T'^(E^) is a common core for all flmig) 's, g G G. 

Proof Note first that the formal adjoint of Sm is So-* m- Therefore, when a*-rn — m, the operator flmix) 
is symmetric on T^{Ey^). Next, we remark that as both E and Uy,{g), g € G, preserve T^[E^, we get for 

that is, ^mig) squares on r^(i?^) to a multiplication operator. Since ^mig) is symmetric on the space of 
smooth compactly supported sections of E^, the latter entails that 

WQM^W = \\\^M ^ v^Gr-(i?^), 

and thus Ctjn{g) is well defined on Bg. Then, the same computation as above, shows that Ctjn{g) is also 
symmetric on its domain Bg. Observe that Bg is complete in the graph norm, given by + II iV'lPj 
and that r^(i?^) is dense in Bg for this norm. Thus flmig), with domain Bg, is a closed operator. Clearly 
Bg C dom(rtyn{g)*) , since ftmig) is symmetric on Bg. 

Choose an increasing sequence of relatively compact open sets {C„}„gN in G/B, converging to G/B. For 
71 e N, let Xn be the indicator function of C„. Then of course Xnf G Bg for all (p G H^- Note also that for 
ip Bg, we have by definition of m^ and from the relation ct*-, m = m: 

^inig)^ = mgil{x)ip = n{x)m.g(p , X = gK e M . 

Thus for 5 e G, a; = gK £ M, ip £ dom(fim(3)*) , f G and using the fact that Xn^g is essentially 
bounded (i.e. the associated multiplication operator is bounded), we get 

{V^Xn^migTlp) = (fim(g)Xn<yS, V') = {^{x)mgXn'P , 1p) = {(fi , Xnmgn{x)lp) . 

Using the monotone convergence theorem, we obtain 

\\^in{g)*M\ = lini ||x,if^m(5)*^|| = lim sup \{(p,Xn^in{g)*i^)\ = lim sup I (<y9, x„mg^](x)V') I 
= hm ||x„m,17(x)V|| = ||m,r!(x)^|| = ||r!(x)mg^|| = ||rn,V|| = |||m,|^|| , 

n— >oo 

so that necessarily tp G Bg. Thus dom(r2rn(ff)*) = Bg, as required. 

Note at last that r^(i?^) being dense in each Bg for the graph norm, it is a common core for all the (imig), 
which are therefore essentially sclfadjoint on that domain. ■ 

Remark 6.25 At this early stage of the construction, it is important to observe that our representation of 
M f Proposition 16.17]) and the associated quantization map (Definition 16. 20[) could have been equally defined 
starting with the full polarization quadruple (L,(Tl,CiB) (see Definition I6.15P of a non-exact polarized 
transvection triple (g,cr, tu), instead of the transvcction quadruple {G,a,^\^, B). In particular, all the 
results of subsections 16.31 16.51 and 16.61 can be thought as arising from the full quadruple. We will make 
great use of this observation in subsection 16.71 
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6.3 Locality and the one-point phase 

We next pass to the notion of locality in the context of transvection quadruples, out of which we will be able 
to give an explicit expression of the operators i^m{x) on 'H-^. 

Definition 6.26 Within the notations of Definition [KT5[ we say that the polarized symplectic symmetric 
space {M, s, lu), associated to a non-exact polarized transvection triple (g, a, w), is local whenever there exists 
a sub-group Q of G such that: 

(i) The map 

QxB^G, {q,b)^qb. 
is a global diffeomorphism. In particular, Q is closed as a sub-group of G. 
(a) Denoting by q the Lie algebra of Q, one has: 

[q , b n p] C b . 

(Hi) For every q £ Q, setting dq =: {crq)'^ i'^l)^ relatively to the global decomposition G ~ Q.B, one has: 

Xii^^qf) = 1 . 

For a local symplectic symmetric space, the identification Q ~ G/B allows to transfer the symmetric space 
structure of the former to the later: 

Lemma 6.27 Let {M,s,uj) be a local symplectic symmetric space. Then: 
(i) The mapping: 

s:QxQ^Q, {q,q')^Sg{q'):=q{a{q'\')f , 
defines a left-invariant structure of symmetric space on the Lie group Q. 

(a) Moreover, the global diffeomorphism 

Q ^ G/B , q^qB , 

intertwines the symmetry s with the involution g_, defined in ()64|1 for the transvection quadruple 
{G,a,^,B): 

s,q' ^ ^Riq'B), yq,q'eQ. 

(Hi) Under the identification Q ~ G/B given above, the {G,q_j^) -invariant measure d^^^ on G/B con- 
structed in Lemma \6.1!A becomes a {G , s^) -invariant measure dg on the Lie group Q, which is also a 
left-invariant Haar measure on Q. 

(iv) Last, we have an isomorphism of Hilbert spaces ~ L^iQ, dg) induced by G-equivariant isomorphism: 

C°-{Gf ^C°-{Q), 

under which, we have E = s*. 

Proof. Item (ii) follows from a direct check implying in turn the left- Q-equi variance of s from the left-G- 
equivariance of a. The fact that s^ fixes q isolately is a consequence of the following observation. Considering 
the linear epimorphism : p — >■ q = T^Q ~ Tb{G/B) tangent to the projection^ : M ~ G/K G/B ~ Q, 
gK gB, one observes that for every X e p: 

Hence S.k*B ~ ~i'^q ^^^^ (i) follows. Last, (iii) and (iv) are immediate consequences of the Q-equivariant 
identification Q ~ G/B. ■ 
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From now on, we will always make the identification — L'^iQj'iq), under which we can derive the action 
of the individual operators x S M. For this, we need a preliminary result: 

Lemma 6.28 Let (AI, s, oj) be a local symplectic symmetric space and let ip S C°°{G, C)^ be a B-equivariant 
function. Then, for all q,qo G Q and b G B, one has: 

L*qb ° 0-* o ifiqo) = E{qo^qa{b-^)) ^(s^go) , 

with 

E(g6) :=x(C,(6-ia6)) , (68) 
and Cg{g') := gg'g^^ denotes the conjugate action of G on itself. 
Proof. A direct computation yields: 

Lgb ° ° ^(90) = 'i>{qba{b-^)a{q-^qo)) = <f{qa{q-^ qo)C ^^^-i ^^{bd{b-^))) . 

Under the assumption of locality (Defintion I6.26p . we have [(T(q), b n p] C CT[q, b n p] C b, hence: 

The tr-invariance of x &ud item (iii) of Definition 16.261 then yield the formula. ■ 

Remark 6.29 We call the function E in ([68|) the one-point phase. Observe that the later is well defined 
thanks to the second condition [q, b n p] C b in the assumption of locality fDcfinition l6.26p . 

Corollary 6.30 Let (A/, s, uj) be a local symplectic symmetric space. For tp G "H^ and x — qbK G M , q £ Q, 

b £ B, we have 

nix)ip{qo) = Eiq^\aib-'))p{s^iqo)) , 
where E is the phase defined in (j68p and s is the symmetry of the Lie group Q constructed in Lemma \6.27\ 

6.4 Unitarity and midpoints for elementary spaces 

In addition to locality (Definition 16 . 26p . we will assume further conditions on the structure of our polarized 
symplectic symmetric space {M,s,uj), which will enable us to give an explicit expression of the three-point 
kernel associated to a WKB-quantization of M as well as to prove the triviality of the associated Berezin 
transform (see Definition 16. 42l below). Recall that the notion of midpoint map on a symmetric space is given 
in Definition 13. 11 1 

Definition 6.31 A local symplectic symmetric space (M, s, lo) is called elementary when, within the context 
of the subsection 1 6. SI the following additional conditions are satisfied: 

(i) The symmetric space {Q,s) is solvable and admits a midpoint ma^. 

(a) There exists an exponential Lie sub-group Y of B normalized by Q and such that the semi-direct product 

§ := Q K Y C G , 

acts simply transitively on M . 

(iii) Denoting by 2) the Lie algebra ofY, there exists a global diffeomorphism 5* : Q — > q such that 

(e, (Ad,-i -Ad(,^,)-i)y) = (C, [*(<?), y]>, V2/e2J,V(7eg. 

(iv) The lie algebras 2) and q are Lagrangian subspaces in symplectic duality. 
^By a result proven in |25l . it implies that Q is exponential. 
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Remark 6.32 For (Af, s,lu), an elementary symplectic symmetric space, we always make the §-equivariant 
identification: 

S = Q K Y ^ Af , qb^ qhk . 

In particular, for m a locally essentially bounded Borelian function on Q and qb Cz S , the operator f2m('?^) 
given in Lemma [6.241 will be denoted by f2m(9&)- Note that when m = 1, this notation is coherent with 
Proposition l6.17l since the latter coincide with Vl.{qbK). We also observe that under the identification S ~ M, 
the G-invariant Liouville measure Am on M is a left Haar measure on §, which under the parametrization 
g — qb, q E Q , b E Y , is proportional to any product of left invariant Haar measures on Q and on Y. We 
simply denote the latter by dg. 

Remark 6.33 Note that as Q normalizes Y, the restriction to S = Q ix Y of the representation [/^ of G on 
— L'^iQ, dg) given in (p7|) . reads: 

U^iqbMq,) ^ x{C^-^,{b)) ^{q-\o) ■ 

In the elementary case, we observe the following relation between the one-point phase E and the diffeomor- 
phisni 5* : Q — > q: 

Lemma 6.34 Let (A/, s,a;) be an elementary symplectic symmetric space. Then, for q E Q and y S 2), we 
have: 

Proof. By definition, we have for q £ Q and b E Y: 

E(g-i6)=x(C,-.(6-i)a(C^(,-.)(&))) . 

Next, we write 
to get 

C,-.(&-i)a(C,(,-.)(6)) ^ (C,-.(6-i)) {a{aiq)^y') a(C(,^,)-.(5)) . 

Since Q normalizes Y and B is a-stable, we observe that each of the four factors in the right hand side above, 
belong to B. Thus, we can split E(g^^5) accordingly to this decomposition, to get 

E(g-i6) = x(C,-i(5)) x(C(,^,)-.(6)) , 

and the result follows from the definition of the diffeomorphism ^ and the character x- ■ 
The identification § ~ M, allows us to give a slightly simpler formula for the operators iljn{qb), qb e §: 

Proposition 6.35 Let (A'I,s,lu) be an elementary symplectic symmetric space. Let q E Q, b E Y and let 
m be an essentially locally bounded Borelian function on Q. Then the densely defined (on Bqi, = Bq~see 
Definition \6 .23\ and Lemma \6.24\ l operator flmiqb), acts as: 

f^m(f?6)¥'(<7o) = m((7"^(7o) Eiq^^'^qb) ^{s^qo) , ''^ip & Bg C , Vgo € Q . 

Proof. Using Corollarv 16.301 Definition 16.231 and Lemma r6.24[ we deduce that for ip E Bq, we have 

^m{qh)ip{qo) = m{q-^qQ)'E{qQ^qd{b-^)) ifiiSqqo) . 

Now, write 

As Q normalizes Y by assumption, we see that the factor on the right of the right hand side above, belongs 
to Y C -B. Since the left hand side belongs to B as well (by the second condition of locality-see Definition 
I6.26p . the factor on the left of the right hand side belongs to B too. Thus, we can split the character x 
accordingly to this decomposition and the result follows immediately. ■ 
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Corollary 6.36 Let (M,s,uj) be an elementary symplectic symmetric space, m be an essentially locally 
bounded Borelian function on Q and f € !?(§). Then the operator flmif) defined by 

f^m(/) : V{Q) ^ V'iQ) , ifi ^ n^if)^ k' G V{Q) ^ f i^{q^) f{qb) {n^iqb)ip) (qo) dsiqb) dgiqo) 

'- JQxS 

has a distributional kernel given by 

n^{f)[qo,q] = m{mid{e,q-^qy^) | JaC(,e)-i | (g-^g) / f{mid{qQ,q)b)E{mid{e,q-'^q)b)dY(b) . 

Jy 

Proof. Observe first that under the decomposition § = Q k Y, the left Haar measure on § coincides with the 
product of left Haar measures on Q and Y: 

ds(g&) =dQ((/)dY(6), V(7GQ,V6gY. 

For / G !?(§) and any Borelian m, it is clear that flm{f) defines a continuous operator from to Viff) 

and acts as: 

n^ifMqo)^ f fiqb)m{q-'qo)^iqo'qb)ip{s^iqo))dQ{q)dYib), ifi E ViQ) . 

Jqky 

For any go G Q, we set q'{q) := s^iqo) and we get from the defining property of the midpoint map that 
q = mid((7o, Moreover, since left-translations are automorphisms of the symmetric space (Q, s), we get 

mid((?o, q') = qo mid{e, qo^q') = Lq„ o (s")^^ o L^-i (q') , 

the invariance of the Haar measure dg under left translation gives: 

|jaCmid(9o,.)K'?') = |Jac(^e)-i|(gcr^9')- 
Therefore, a direct computation shows that: 

flmif)(p{qo) = / /(mid(qo, q)b) m(mid(e, q^^qy^) | JaC(se)-i | (qQ^q) E(mid(e, qo^q)b) ip{q) dgiq) dY(&) , 
Jqky 

and the result follows by identification. ■ 

Our next aim is to understand the geometrical conditions on the functional parameter m necessary for 
the quantization map to extend to a unitary operator from L^{M) to the Hilbert space of Hilbert-Schmidt 
operators on H^. For this, we introduce the following specific function on Q: 

Definition 6.37 For (M, s, co) an elementary symplectic symmetric space, define the function hiq on Q as: 

1 /2 

mo((7) := |Jac3e(g"i) Jac^(q)| . (69) 

Remark 6.38 Observe that both |Jac^| and |JaCs=| are Sg-invariant. Indeed, we have 4* o ^ and 
o s^ — s^o s^ ^ hence the claim follows from | Jac^ | = 1- However, mo needs not to be sj-invariant, as 
|JaCsc| needs not to be invariant under the inversion map on Q. Thus, from Lemma l6.24| the quantization 
map f2mo, needs not to send real functions to self-adjoint operators. 

We can now state one of the main results of this section: 

Theorem 6.39 Let (M,s,uj) be an elementary symplectic symmetric space and m be a Borelian function 
on Q which is (almost everywhere) dominated by mo and assume that Y is Abelian. Then the quantization 
map: 

n^n-.f^ nUf) / fiqb) ^m{qb) ds(g5) , 
is a bounded operator from L^(§, dg) to C^{7i^) with 

\M< - . 

mo oo 

Moreover, fim is a unitary operator if and only if |m| = mg. 
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Proof. Recall that a linear operator T : ^{Q) V^Q) extends to a Hilbert-Schimdt operator on L'^{Q, dg), 
if and only its distributional kernel belongs to L^{Q x Q, dg ® dg). In this case, its Hilbert-Schmidt norm 
coincides with the L^-norm of its kernel. Thus by Corollary 16.361 we deduce that if / G then the 

square of the Hilbert-Schmidt norm of 51m (/) reads 

J |mp(mid(e,(?(7^g)"i) | Jac(,.)-i [^(gg^^g) 7(mid((7o, /(mid((7o, '7)&o) 

X E(mid(e, qo\)b) E(mid(e, qo\)bo) dgiq) dY(6) dQ(go) dY(&o) ■ 

Performing the change of variables m±d{qQ,q) i— > q (the inverse of the one we performed in the proof of 
Corollary [636)) and using the relation between the function E and the diffeomorphism ^ : Q — >■ q given in 
Lemma [6.341 we get 

Imp(q-lqo) I JaC(,e)-i I {s^iq^'q)) J{qb) f{qbo) e»<«.[*(«-^9o).log(fa)-log(;,o)]) ^^(q) d^ib) dgiqo) dY(6o) 
'"''^'^"^/(g?^) fiqbo) eH«^[*(^o),iog(.)-iog(6„)]> 



where in the last line, we used left-invariance of the Haar measure on Q. Setting wq — ^'(<Zo) G 1 and dwQ 
the Lebesgue measure on q, we get 

ll^^.(/)ll^= / IT 'T;[^!r^rnY/''\rf e-(^^I-o,.og(.)-.og(Ml)d,(,)dY(6)d.odY(5o) 

J |JaCse|(^'-i(?i;o)"i) |Jac*|(*-i(w;o)) 
mo^(w '-[Wo)) 



|m|2(v[/-i(u;o)) 



e-'<«'['"°^i°g('')l) dY(6) 



dgiq) dwQ . 



mo2(*-i(u;o)) 

Next, we use the relation (which follows from the construction of ^ G g*): 

and the fact that q and 2) are Lagrangian subspaces in symplectic duality (see Definition 16.3 ip . Thus, since 
Y is Abclian, by elementary Fourier theory, we see that if |m| < Cmo, then one gets: 

\\nm{f)h<C\\fh, V/GI?(S). 

By density, we deduce that ilm{f) is Hilbert-Schmidt for all / e L'^{§>, dg) and with equality of norms if and 
only if |m| = mo- In this case, a similar computation shows that for any /i,/2 G L'^(§, dg), we have 

Tr[n^{hr n^ih)] = / J,{qb)f2{qb)ds{qb), 

which terminates the proof. ■ 

Remark 6.40 The content of the previous Lemma can be summarized as follow: 

Ti-[flsiTn{x) ilmiy)] ^ Sa;{y) |m| = mo , 

where the trace in the left hand side is understood in the distributional sense on 2?(§ x §). Equivalently, this 
amount to says that when |m| = mo, the Berezin transform associated to the quantization map fim (see 
Definition 16.421 below) is trivial. 
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6.5 The 7»r-product as the composition law of symbols 



Definition 6.41 Let (A/, s,a;) be an elementary symplectic symmetric space such that m/mo G L°°{Q) and 
such that Y is Abelian. Then let 

be the adjoint of the quantization map fim- We call the latter the symbol map. 

Recall that the defining property of the symbol map is 

{f,<7^[A])=TT[n^{frA], VAeC^n^), yfeL\§,ds). 

Hence, the symbol map is formally given by 

a^[A]{x) = Tt[A n,.^{x)] , xeS. (70) 

Here again, the trace on the right hand side is understood in the distributional sense on !?(§). Note however 
that when m is essentially bounded, this expression for the symbol map genuinely holds on £^{H^), the 
ideal of trace-class operators on H^. When m is only locally essentially bounded, it also holds rigorously 
on the dense subspace of £'^{'Hx), consisting in finite linear combinations of rank one operators |<p)('0| with 
ip S T^iQ) and Lp G arbitrary. 

Definition 6.42 Let (M,s,uj) be an elementary symplectic symmetric space. Assuming that m/mp G 
L°°{Q), we then set 

Bm:L\S,ds)^L^§,ds), f^a^on^if), 
and we call this linear operator the Berezin transform of the quantization map flm- 

Remark 6.43 The Berezin transform measures the obstruction for the symbol map to be inverse of the 
quantization map. Say differently, the unitarity of the quantization map on L^(S, d§) is equivalent to the 
triviality of the associated Berezin transform. 

Proposition 6.44 Let (M,s,lu) be an elementary symplectic symmetric space with Y Abelian and let m a 
Borelian function on Q such that m/mo G L°°[Q) and such that Y is Abelian. Then 

(i) The Berezin transform is a positive bounded operator on L^(§, dg), with 

\\B^\\ < ||m/mo||L • 
(ii) The Berezin transform is a kernel operator with distributional kernel given by 

Bm[xi,X2] =TT[ns-Y^{xi)n^{x2)] , 

and the latter can be identified with 

S„[xi,X2]=(5,,(<72)x /'^(vl,-i(y,))e'(?.[».i°gfi-i°g''=l>du;, x,=q,b,e§, J = 1,2 . 

Proof. The first claim comes from the estimate of Theorem 16. 391 and the second comes from the computation 
done in the proof of this Theorem. ■ 

For m = mo, the symbol map is the inverse of the quantization map flm- In particular, the associated 
Berezin transform is trivial. A G-equivariant associative product on i^(§, dg) is then defined: 

/l *m„ /2 := [f^mo (/l) (./2)] , V/i , /a G L\S, ds) . (71) 



68 



We deduce from ([70]) that the product ([7T|) is a three-point kernel product, whith distributional kernel given 
by the operator trace of a product of three fJ's: 

/i*mo/2(a;)= / fi{y) f2{z)TT[ns*^„{x)n^„{y)n^g{z)]ds{y) dsiz) . 

JsxS 

We will return to the explicit form of the three-point kernel and its geometric interpretation in the next 
subsection. 

We now come to an important point. Putting together Remark 16.381 and Theorem I6.39[ we sec that in 
general the quantization map fim needs not be unitary and involution preserving (the complex conjugation 
on L^(§, ds) and the adjoint on C^{'H^)) at the same time. However, in most cases (e.g. for elementary 
normal j-groups) , the function mo is s^-invariant, which implies that the complex conjugation is an involution 
of the Hilbert algebra (L^(§, dg), *mo) • 

Proposition 6.45 Let (M,s,uj) be an elementary symplectic symmetric space with Y Abelian. Assuming 
further that s*mo = mo, then for all /i, /2 S -^^(§, dg), we have: 



Qxqmo^ 



fl *mo /2 — /2 *mo /l • 

Next, we pass to a possible approaclFl to define a product for the quantization map f2rn in the more 
general context of an arbitrary function m (and without the assumption that Y is Abelian). 

Definition 6.46 Let {M,s,lu) be a polarized, local and elementary symplectic symmetric space and fix m a 
locally essentially bounded Borelian function on Q. We then let i^(§, dg), be the Hilbert-space of classes of 
measurable functions on § for which the norm underlying the following scalar product is finit^: 

/2)m 

(*-!(«;)) ( j^7i(g6i)e-^<«'['"'''°s&i]>dY(6i)) /2(<j62) e*<«'['">^°8'^l>dY(62)) dQiq)dw . 
Remark 6.47 Formally, we have 

(/l,/2)m = (/l,i?m/2) =Tr[r!^(/i)*l]„(/2)] , 

where (.,.) denotes the inner product o/i^(§, dg) and Tr is the operator trace on TL-^. 

Repeating the computations done in the proof of Thcorcm l6.391 we deduce following extension of the latter: 

Proposition 6.48 Let {M,s,uj) be an elementary symplectic symmetric space and let m be a locally essen- 
tially bounded Borelian function on Q. 

(i) The quantization map Vl^ is a unitary operator from L^(§, dg) to C'^{'H^), 

(a) Associated to the quantization map ilm, there is a deformed product -k^ on i^(S,ds), which is formally 
given by: 

fl *m f2 = o a™ [^Uh)^M)\ , 
(iv) (l/^(S, dg), ★m) is an Hilbert algebra and the complex conjugation is an involution when sjm = m. 



'^''This is however not the approach we will follow for the symmetric spaces underlying elementary normal j-groups-see 
Proposition [737] 

^^We do not exclude the possibility for L^(§, dg) to be trivial. 
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6.6 The three-point kernel 

The aim of this subsection is to compute the distributional three-point kernel Tr[r2jno(2;) ^maiu) ^ma{z)] of 
the product -k^^ given in (|7ip . We start with two preliminary results extracted from |25] : 

Theorem 6.49 Let (M , s , lo) be an elementary symplectic symmetric space. Given three points qQ,qi,q2 in 
Q, the equation 

s„ s„ s„ (q) ~ Q , 

admits a unique solution q = ^(go, 91, 92) G Q- Moreover, the double triangle map; 

$Q : ^ , (90,91,92) ^ (mid(9o,9i),mid(9i,92),inid(92,9o)) 
is a global diffeomorphism. 

Proposition 6.50 Let {AI,s,lu) be an elementary symplectic symmetric space with Y Abelian. Assume that 
JaCs' is invariant under the inversion map on Q. Let 9 = 9(90,91,92) denote the unique solution of the 
equation s^^s^^s^^iq) ^ q in Q. Set 

J{qo,qi,q2) |JaC(^e)-i|(g^^gi) |JaC(^=)-i 1(9^^92) | JaC(3e)-i |(g^^go) ■ 
Then, the kernel of the product -k^^ (|7ip is given by: 

Kmoixo,Xi,X2) = J'^^^(*Q^(9o, 91,92)) |Jac^^i 1(90,91,92) 

X |Jac*|i/2(g-iq) |Jac*|i/2(q-i,^^g) |Jac*|i/2(5-is^^s,^^^) 

X E(9-^To) E{isg^qr'xi) E((s,^s,„9)"'-^2) • 

Proof. Under the assumption that Jac^e is invariant under the inversion map on Q, mg is Sg-invariant and 
reads: 

I 1 1/2 

mo(9) = |JaCs=(9) Jac*(9)| 

Accordingly, for / G L^(S,ds), we get from Corollarv 16.361 the following expression for the operator kernel 

of n^oif): 

f^mo(/)[9,9o] = |Jac^,|i/2(mid(e,9(7^9)~^) | JaC(,e)-i |^^^(9o"^9) / /(mid(9o, 9)6) E(mid(e, 9(^^9)6) dY(6) . 

Jy 

Since for / S L^(S,ds), ilmo(/) is Hilbert-Schmidt, the product of three rimo(/)'s is a fortiori trace-class 
and thus we can employ the formula: 

Tr rimo(/o)f^mo(/l)f^mo(/2) = / ^^mo (/o) [90 , 9l] ^^mo (/l ) [9l , 92] ^^mo (/2 ) , 9o] dg (90) dg (91 ) dg (92) . 

Using Theorem 16.491 and the formula above for the kernel of Omo(/i), see that the above trace equals: 
/ |Jac*|i/2(mid(e,9fi9o)"^) \Jac^,\^^^ {mid{e, q^\i)-^) \Jac^,\^^^ {mid{e, q^\2y^) 
X J"^/^ (90, 91, 92) /o(mid(9o, 9i)&o) /i (mid(9i, 92)61) /2(mid(92, 90)^2) 

X E(mid(e, qi^qo)bo) E(mid(e, 92"^9i)&i) E(mid(e, 9(7^92)^2) dg(9o) dg(9i) dg(92) dY(&o) dY(&i) dY(62) • 
Performing the change of variable (90, 91, 92) $q^(9o, 91, 92) and setting Xj := qjbj e §, j ~ 0, 1, 2, we get 

/ |Jac*|^/2(9o"^9) |Jac*|i/2(^-is_^^q) | Jac*!^/^ (92"^s^^Sq,,9) J^^/2($g^(9o, 91, 92))| Jac<j,-i [(90, 91, 92) 

X E(9"^xo) E((s^j^9)~^xi) E((Sq^Sg^j9)~^a;2) /o(2;o) /i(a;i) /2(a;2) ds(a;o) ds(xi) ds(a;2) , 

where 9 = 9(90, 9i, 92) is the unique solution of the equation s^^s^-^s^^iq) = 9 (see Lemma r6.49p . The result 
follows by identification. ■ 
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Using Lemma I6.34[ we deduce the fohowing expression for the phase in the kernel of the product -kj^^ : 

Corollary 6.51 Write K^a = Ae^'^^'"" for the three-point kernel given in Provosition 1 6. 50[ Then we have 
for Xj = qjbj G §, £ Q, bj G Y, j = 0, 1,2; 

5(xo,a;i,X2) = (C, [*(qo"'g), log 6o]> + (C, [*(<zr's,„g), log &i]) + (C, ['f{q2^s^,s^,q)Aogb2]) , 

where q = q{qo, qi, (J2) *s the unique solution of the equation s^^^gi^go ^ ''''^^ Lemma^KJ^ . 

6.7 Extensions of polarization quadruples 

We first make the observation that, given two polarization quadruples {Gj , aj ,^j,Bj),j = 1,2 (in the general 
sense of Definition 16. lip , a morphism <j> between them yields a Gi-equi variant intertwiner: 

r : C°°(G2)^^ ^ C°°(Gi)^i such that U^,{g,)r02 - 0* (C/x. (</'(ffi))^"2) - (72) 
In the context of the transvection and full polarization quadruples, we observe: 

Lemma 6.52 Let (M, s,lu) be an elementary symplectic symmetric space, associated to a non-exact polarized 
transvection triple (0,cr, tu). Consider (L,crL,^, B) and (G, o", ^|^, B) and the full and transvection polariza- 
tion quadruples as in Definition \6.15l Then, the intertwiner |7ijp corresponding to the injection G is a 
linear isomorphism. 

Proof. The injection : G — > L induces a global diffeomorphism G/B ^ L/B, gB i-> gB. Indeed, the 
map G/K h/D : gK i-> gD is an identification. Considering the natural projections G/K — ^ G/B and 
L/Z) — > L/B, one observes that the diagram 

G/K — > h/D 
G/B L/B 

where <t>{gB) := gB, is commutative. In particular, is surjective. Examining its differential proves that is 
also a submersion. The space Q = G/B, being exponential, has trivial fundamental group. The map 4> is 
therefore a diffeomorphism. 

Also the restrictions C°^{G)^ — )• C°°{Q) and C°°{L)^ C°°{Q) arc linear isomorphisms and one observes 
that j*(p|Q = .^Iq. ■ 

Note that when the modular function of B coincides with the restriction to B of the modular function of 
L, then there exists a L-invariant measure on L/B. From the isomorphism L/B ~ G/B ~ Q, we see that 
the later is a left-Haar measure on Q. Hence, under the assumption above, we deduce that the left-Haar 
measure dg is also L-invariant. This, together with the above Lemma, yields: 

Lemma 6.53 In the setting of Lemma \6.52\ and when the modular function o/B coincides with the restric- 
tion to B of the modular function of I,, the injection 2D — >■ £ induces a unitary representation 7^ : D — > IA{'H^) 
of the corresponding analytic sub-group D C L on the representation space associated to the transvection 
quadruple (G, ct, ^, B) . 

Consider now two Lie groups Gj, j = 1,2, with unitary representations (Uj^Hj), together with a Lie group 
homomorphism 

p : Gi G2 , 

and form the associated semi-direct product Gi k r G2 , where 

Rgi(.92) :== Cp(g^)(g2) = p(5i)52P(5i)"^ , & Gj ■ (73) 

We deduce the representation homomorphism: 

7^:Gl->W(H2), gi ^ U2{pigi)) . 
Within this setting, we first observe: 
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Lemma 6.54 Parametrizing an element .g G Gi Kr, 6*2 as g ^ 91-92, the map 

U : Gi KrGs ^^^(^1®%), 9^Ui{9i)®n{gi)U2{g2) , 
defines a unitary representation of Gi G2 on the tensor product Hilbert space % := 'Hi®'H2- 
Proof. Let 9j,g'j € Gj, j = 1, 2. Then, on the first hand: 

U{gi92.9[9'2) = U{gig[B.g,^-i{92)9'2) =Ui{gi9[)®n{gi9[)U2{^^^^ 

- C/i(gi5l) ® ngi) U2{92)n{g[) UM) , 

while on the second hand: 

U{gi92) UigW^) = ((7i(gi) ® 71(51) (JsCgs)) (C/i(g'i) ® TlCgi) (72(.g^)) 
= U,{gig[) ® TZigi) [/^(.ga) 7^(.9;) C/2(g^) , 

and the proof is complete. ■ 

Consider at last two full polarization quadruples (Lj, aj, ^j, Bj), j = 1,2, associated to two local symplectic 
symmetric spaces (Mj, Sj,ujj). Let also {U^- , H^^. , flj) be the unitary representation of L-,- and the represen- 
tation of the symplectic symmetric space Mj = Gj/Kj = hj/lbj (see Remark l6.25p . Finally, let K be a Lie 
sub-group of Li that acts transitively on Mi , and consider the associated K-equivariant identification 

(p : K/(KnDi) ^ Ml . 

Now, given a Lie group homomorphism p : K — > D2 C L2, we can form the semi-direct product K Kr L2, 
according to (|73p . Under these conditions, we have the global identification: 

(K KRL2)/((KnDi) KRD2) ^ Ml X M2, (.gi..g2)(KnDi) krD2 ^ (^(giK n Di), (72D2) . (74) 

Proposition 6.55 Let U be the unitary representation 0/ K Kr L2 on H := ® constructed in 
Lemma \6.54\ Then under the conditions displayed above, 

(i) the map 

: K KR L2 ^ Usain) , 9 ^ U{g) o (Ei ® E2) o [/(g)* , 
is constant on the left-classes of (K n Di) Kr D2 in K Kr, L2. 
(ii) For every 51 G K and 52 G IL2, one /taj^ 

S^(.92-gi) f^i(5i) ® ^^2(52) • 
('iiij Under the identification (|74[) . </ie quotient map 

n : Ml X M2^Usa{H) , 

z,s K Xr L2-egMwariani. 
Proof. Wc start by checking item (ii). Observe first that 

C/(525i) = C/(giRg-i52) = C/xi(5i) ® 7^(.gi)f/x2(%i52) - U^^igi) ® U^MUigi) . 
Now, since p is D2-valued, we have for all gi G K: 

7^(5l)S27^(gl)* = C/;,,(p(.gi))E2C/x2(p(5i))* - ^2 , 

and one has 

n{g29i) = (C/xi (51) ® f/x2(^72)7^(<7l)) o (Si ® E2) ° (C/xi(5i)* ® 7^(5l)*C/x.(52)*) 

= UxA9i)^iUxA9ir ® C/x.(.g2)7^(5l)S27^(gl)*C/;,,(52)* = niigi)®n2i92) ■ 
This implies (ii) and (i) consequently. Regarding item (iii), one observes at the level of K Xr L2 that 

n{gg')^Ui9)nig')U{9r , 
which is enough to conclude. ■ 

^^Warn the reverse order in the group elements. 
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Remark 6.56 In the same manner than in Definition I6.23[ given a BoreHan function m on the product 
manifold (Li/Di) x (L2/D2), we may define for .g £ K KrL2: 

^mig) ■■= U{g) o m o (El ® S2) o U{gy . 

Of course, the above procedure can be iterated, namely one observes: 

Proposition 6.57 Let (L^ , cTj , , Bj), j = l,...,N, be N full polarization quadruples, associated to N 
elementary symplectic symmetric spaces {Mj, Sj^ujj) satisfying the extra conditions of coincidence of the 
modular function on Bj with the restriction to Bj of the modular function ofLj, according to Lemmas \6. 52\ 
and \6.53[ For every j ~ I, . . . , N ~1, consider a subgroup Kj that acts transitively on Mj together with a Lie 
group homomorphism pj : Kj — > Dj+i. Set K^v := Lat, assume that for every such j , the sub-group /?j(Kj) 
normalizes Kj+i in Lj+i and denote by Rj the corresponding homomorphism from Kj to Aut(Kj+i). Then, 
iterating the procedure described in Proposition 1 6. 55\ yields a map 

n : Ml X M2 X ■ ■ ■ X Mn -> Usa{l-i) , 

into the self-adjoint unitaries on the product Hilbert space % :— T-Lxi ® ' ' ' ® ^^'^^ ^-^ equivariant under 

the natural action of the Lie group (. . . ((Ki Kr^ K2) K3) KR3 . . . ) Kr^^ ^ L^r. 

This 'elementary' tensor product construction for the quantization map on direct products of polarized 
symplectic symmetric spaces (but with covariance under semi-direct products of sub-groups of the covariance 
group of each pieces) allows to transfer most of the results of the previous subsections. For notational 
convenience, we formulate all what follows in the context of two elementary pieces, i.e. in the context of 
Proposition 16. 55] rather than in the context of Proposition 16.571 

So in all what follows, wc assume we are given two elementary symplectic symmetric spaces {Mj, Sj,ujj), 
j ~ 1,2 (see Definition 16.3 ip . We also let = Qj x Yj, j = 1,2, the subgroups of Gj (and thus of L^) that 
acts simply transitively on Mj. We also assume that we are given a homomorphism p ; Si — )■ D2 (i.e. the 
role of K in Proposition [6?55] is played by Si). In this particular context, the identification (j74p becomes: 

§1 KrS2 ^ Ml X M2 , 51.52 1^ (5161,5262) ■ 

We also let mo := mJ (X) mp be the smooth function on Qi x Q2, where m.Q is the function on Qj given in 
Combining Proposition 16.551 with the results of subsections 16. 3[ 16.51 and 16.61 we eventually obtain: 

Theorem 6.58 Let {Mj,Sj,ujj), j = 1,2, be two elementary symplectic symmetric spaces and consider an 
homomorphism p : Si — > D2. Within the notations given above, we have: 

(i) Identifying Hxi ® ^X2 'with L^{Qi x Q2,<iQi ® dg^) and parametrizing an element 5 G §1 Xr §2 as 
5 = '72&2'7i^i, Qj e Qj, bj e Yj, we have for ip G I'(Qi x Q2): 

f^mo (5)^(91, 92) = mJ(qf^gi)mg((72'^g2)E^i''^^(qi~^(7ifei,q^^g2&2)v(£iq^ 91, £2^392) , 

where 

(9161, 92^2) := {qibi) E^^ (92^2) , V(?j e Q„ V&j G Y, , 

and E^J , j = 1,2, is the one-point phase attached to each elementary symplectic symmetric space Mj 
as given in Lemma \6. 28\ 

(a) Moreover, when Yj is Abelian, the map 

:L2(Si XR§2,dsiXRS2)^'C2(^xi®^X2), f^f /(s) ^^mo (s) ds^ x^s^ (<?) , 

JSi 1Xr,S2 

is unitary. 
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(Hi) Denoting by adjoint o/rimo - associated deformed product: 

fl *mo /2 fmo [f^mo(/l) S^mo(/2)] , 

ta/ces on I?(§i Kr§2) ^/je expression 

/i*mo /2(.g) = / ^^o""'=(ff,ff',5")/i(.9')/2(3")ds,K.s.(.9')ds,..s.(ff") , 

J(Slt<RS2)^ 

where the three-points kernel K^^^^^ is given, with g = .92.91 j ff' = 32.9i '^^'^ ff" = .92 9i ^2/ 

^ll.r"'H5,5',3") :=/^L\,(5i,.9l,3'i'X\(52,.9^,52) , 
with Kma, j = ^^"2, as given in Provosition 1 6. 501 

7 Quantization of Kahlerian Lie groups 

7.1 The transvection quadruple of an elementary normal j-group 

We start by describing the non-exact transvection siLa (g, a, w) underlying the symplectic symmetric space 
structure (§, s, w^) of an elementary normal j-group, as described in subsection 13.21 

The transvection group G of § is the connected and simply connected Lie group whose Lie algebra g is a 
one-dimensional split extension of two copies of the Heisenberg algebra: 

0:=OKp(()®f,) , (75) 

where, again, o = Mff and the extension homomorphism is given by p := pij ffi (~Ph) S Der(f) © f)), with pf, 
defined in ((38|) . The involution cr of g is given by 

a{aH+{X®Y)):={-aH) + {Y®X), Va G M , VX, F G fl . (76) 

One has the associated (±l)-eigenspaces decomposition: 

= f®p, *:=!)+ and p:=a®[)_, 

where for every subspace F G \), wc set F± := {X © {^^X)^ X G F} C f) © f) and for every element X e f) 
wc let X± := \{X © {±X)) G f) © t). Last, we define w G A^g by 

w{H,E^)^2 and vj{v^,v'_) = uj°{v,v') , \lv,v' <=,V , (77) 

and by zero everywhere else on g x g. Note that the latter is {-invariant and its restriction to p is non- 
degenerate. Also, from [H, ()_] = f)+ = I, we deduce that [p, p] = £ and clearly the action of t on p is faithful. 
Thus, in term of Definition 16. 4[ we have proven the following: 

Proposition 7.1 The siLa (g,cr, tu) defined by (|75p . (j76p and (j77p . is a transvection symplectic triple. 

Consider now (g, o", (5^) the exact siLa constructed out of the non-exact siLa (g, cr, vj) as in Lemma [6.8l Recall 
that g is the onc-dimcnsional central extension of g with generator Z and table 

[x,y]g = [x,r]g + n7(x,y)z, vx,rGg. 

The involution a equals id| © (— idp), where { = t © MZ and ^ G g* is defined by (^, Z) = \ and = 0. 
Accordingly, we set G = exp{g} and K = exp{{}. We identify g with G via the global chart: 

aH + vi®V2+ tiE © t2E + eZ ^ exp{aH} cxp{vi ® V2 + tiE © t2E + iZ) , (78) 
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where a,ti,t2,£ G M and vi,V2 G V. The group law of G in these coordinates then reads: 

{a,vi,V2,ti,t2,i)ia',v[,v'2,t[,t'2,e') ^ (a + a^e^^'vi + v[,e°-' V2 + V2, e^'^"' h + t[ + ^e^"' uj°{vi,v[), 

€^"'12 + t'2 + ie"'wO(w2, £ + £' + (e"'"' - l)<i + (e'"' - 1)^2 + ic^°(e-"'wi - e°'w2, - ^2)) > (79) 

and the inversion map is given by: 

(a, wi, V2, ti, t2, ^)"' = ( - a, ~e"wi, -e-%2, -e'"ii, -e'^^, - (e^" - l)ti - (g-^^ _ i)f2) . 

Under the parametrization of G given above, we consider the following global coordinates system on G/ K: 

G/A" ^ ]R2'^+2, {a,vi,V2,ti,t2,e)K (a, I'l - 1^2, ii - ^2 - |c^"(wi, ^2)) ■ (80) 

From the formula Sgf^{g'K) = ga{g^^ g')K for the symmetry on G/ K, we deduce the following isomorphism 
of symplectic symmetric spaces: 

Proposition 7.2 Under the identifications S ~ R^''+^ ~ G/K associated with the charts and ([SO)) , 

i/ie symplectic symmetric space G/K underlying the exact siLa (§,(7,(5^) defined above, is isomorphic to the 
symplectic symmetric space (S, s,cj^) underlying an elementary normal ]- group §, as given in suhsection \3.1\ 

Next, we need to endow (§, s, uj^) with a structure of polarized symplectic symmetric space. From Lemma [6.6[ 
it suffices to specify W , a ^-invariant Lagrangian subspace of p. To this aim, we again consider the splitting 
of the 2(i-dimensional symplectic vector space (y, w°) into a direct sum of two Lagrangian subspaces in 
symplectic duality: 

y = r © I . 

Relatively to this decomposition, we define: 

:= (_ ® c g . 

Following then Proposition 16. 14| we let 

b := « e = t e Rz e ly , 

be the polarization algebra. Accordingly with the terminology introduced in Definition l6.151 we call (§, ct, ^, b) 
the transvection quadruple of the symplectic symmetric space (S, s, w^). 

Remark 7.3 Note that G, K and B := exp{b} are all unimodular. In particular, this implies that G- 
invariant measures on the homogeneous spaces G/K and G/ B do exist. 

Last, we need to specify the local and elementary structures underlying the polarized symplectic symmetric 
space (§, SjW^). as introduced in Definition 16.261 and Definition 16.311 respectivelv. We first note: 

Lemma 7.4 Let 

q:=o®(r®0) and 2) := (I © 0) © R((£; ® 0) + Z) . 

Then q is a Lie sub-algebra of Q supplementary to b and^X) is an Abelian sub-algebra of b which is normalized 
by q. Moreover, the associated semi-direct product q k 2) is naturally isomorphic to the Lie algebra 5 and 
induces the vector space decomposition q = s © 

Proof. First observe that for all X G [), one has X © = X_ + X+ £[)©() and therefore 

w{H,E®Q) = vj{H,E^+E+) = w{H,E^) = 2 , 
vj{v © 0, w' © 0) = uj{v- + v+,v'_ + v'_^) = vu{v^,v'_) = uj^{v,v') , yv,v' eV . 

The fact that q is a Lie sub-algebra follows from 

[H, r © o]g = [H, r © 0] + w{H, r © o)z = r © , 
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and 

[[* © 0, r ® 0]^ = [*)(£; e + z) = . 

Next, observe that 2) is Abelian: 

[2], sgig = [[ e 0, [ ® o]j, + [[ e Q,m.{{E e o) + z% = [)((£; ® o) + z) = o . 

To sec that q normahzcs 2), let a; S [ and f e M. Then one has 

[H,x®0 + t{EQ)0 + Z)]~g = [H,x S) 0] + nj{H,x^)Z + t[H, E ® 0] + tw{H, E_)Z 

= x®0 + 2t{E®0 + Z) . 

Similarly, for all y G I*, one has: 

[y®0,x®0 + t{E®0 + Z)]g = [y ® 0, a; © 0] + uj°{y, x)Z = uj"{y, x){E(SO + Z) . 
The rest of the statement is immediate. ■ 

Remark 7.5 Neither q nor 2) are tr-stable. However, since a{c\) = a© (0 © and [0 © I*, 2)] = 0, one sees 
that (j{q) normalizes 2) as well. 

Lemma 7.6 Equipped with the sub-group Q = exp{q} of G, the polarized symplectic symmetric space 
(§, s,cj^) is local in the sense of Definition \6.26[ 

Proof. Note first that 

b = fi © © RZ = (i+ © [_ © RE_ © MZ I* © ([ © [) © (RE © RE) © RZ . 

Thus, under the parametrization (j78p of G, we have 

S = {(0,n© mi,n© m2,ii,t2,^) : mi,m2 € [, n G [* , ti,t2,£€R} , (81) 

and 

g = { (a, n, 0, 0, 0, 0) : n G r , a G M} . 
Thus for q (a, n, 0, 0, 0, 0) and b = (0, n' © m[,n' © m'j, t[,t'2, £') G B, we have using ((7^ : 

(7.6 = (a, (77, + n') © m[,n' © m2,ii + m'^ ), 4, ^' + ^U!°in,m[ ~ m'2)) , 

from which we deduce that the map 

Q X B ^ G , {q,b) ^ q.b , 

is a global diffeomorphism (i.e. the first condition of Definition 16.261 is satisfied). For the second condition, 
observe that as b n p = L © , we get 

[a, b n p] = [a, L] © [a, RE^ = [+ © IR£;+ c f)+ = t C b . 

To check the last condition, consider q ~ {a, n, 0, 0, 0, 0) G Q, with a G M, n G I*. We then have 

aq ^ (-a, 0, n, 0, 0, 0) = (-a, -n, 0, 0, 0, 0)(0, n, n, 0, 0, 0) = {^q)'^ {aq f , (82) 

since (0, n, n, 0, 0, 0) G C f)+ C b. Thus, x((<''i?)"^) = 1 since for 6 = (0, n © toi, n © m2, ti, t2, ^) € B, we 
have x(5) = e*^. ■ 
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Next, we come to the symmetric space structure of the group Q: 
Lemma 7.7 In the global global chart: 

q ~ a e [* ^ Q , (a, n) H> exp{ai7} exp{n ® 0} , (83) 
the left invariant symmetric space structure s on Q described in Lemma \6.27\ reads: 

S(a.n) (a'' = (2a - a', 2 cosh(a ~a')n- n') . (84) 
Moreover, the symmetric space {Q,s) admits a midpoint map, which in the coordinates above, is given by: 

' a + ao n + no 



Ld((a,n), (ao,no)) = 



2cosh(^i^) 



Proof. By definition we have s^q' = qa(^q^^q'^ and the formula for the symmetry follows easily from (|79p 
and (|82p . The formula for the midpoint map comes from a direct computation of the inverse diffeomorphisni 
of the partial map s'' := [Q 5 q' s^^q E Q]. ■ 

Remark 7.8 Setting A := exp{a} and N := exp{[* 0} we have the global decomposition Q = AN and 
for q = an Cz Q, the symmetry at the neutral element reads s^q = a^^n^^. Also, the global chart 

G/B^M''+\ {a,ni ®mi,n2 ®m2,ti,t2,£)B 1-^ {a,ni - n2) , (85) 

a,ti,t2,i € M, f^l,f^2 G I*, toi,TO2 G I, identifies G/B with Q via the coordinate system ((83|). 

Lemma 7.9 T/ie Abelian sub-group Y := exp{2)} o/ G, endows the local symplectic symmetric space 
(§, s,aj^) with an elementary structure in the sense of Definition \6.3J[ 

Proof. We already know by Lemma [7.7[ that the left invariant symmetric space (Q, s) admits a midpoint map. 
We also know by Lemma [73] that Y is normalized by Q and that S is isomorphic to Q ix Y. But we need to 
know that QkY acts simply transitively on the symmetric space G/K. For this, let 5 = {a,v,Q,t,0,t) £ QkY 
and g' = {a,v'i,V2,t[,t'2,£') G G. Then we get 

gg' = {a + a',e-'''v + v[,v'^,e-^'''t + t[ + ^e'"' uj"{v,v[),t'2,t + £' + {er'^"' - l)t + ia;"(e-"'w, < - w^)) , 

and thus in the chart ([50]) of G/K, we get: 

I T.^ . ( I / —a' I / / —2a'. I 1/ ,/ 10// /N , 1 0/ —a' / / \\ 

ggK^{a + a,e v + v^-V2,e t + t-^^ - t2 - [v-^,V2) + 2^ [e v,Vj^-V2)). 

This means that under the identification § ~ G/K, Q x Y ~ § acts by left translations and the second 
condition of Definition ()6.3ip is verified. For the third condition, note that under the parametrization ([78]) 
of G, we have 

Y = { (0, TO, 0, i, 0, t) : me I, t £ M} . 

Take q = {a, n, 0, 0,0,0) G Q, a e R, n e 1* and 6 = = (0, m, 0, t, 0, t) £ Y, m e I, t e R. A computation 
then shows that 

(Adq-i - Ad(5 = 2sinh(2a)i + 2 cosh(a)cLi''(7i, m) , 

which entails that 

^{a,n) = (2sinh(2a),2cosh(a)n) . (86) 
The last condition follows from ((77)) . ■ 
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Remark 7.10 Parametrizing G as in ([75]). § ~ G/K as in (|M)) and Q — G/B as in (|55|). we have the 
following expression for the action of G on S: 

{a,vi,V2,ti,t2,l).{a\v' ,t') ^ (a + a'je^" i;i - e° V2 + v,e^'^"' ti - e^" t2 + t' - \uj^{vi,V2)) , 

and on Q: 

(a, rii © mi, 712 © TO2; ^i; ^2: n') — (^a + a' , e^" tt-i — e'' 77,2 + n') . 

Remark 7.11 From similar methods than those leading to Lemma [3. 2 71 we deduce that for q — (a, n) £ Q, 
we have: 

C(cosh(a) + |n|) < dqiq) . 

From the Remark above and in analogy with Remark I3.36[ we define the Frcchet valued Schwartz space of 
Q, S{Q,£), as the set of smooth functions such that all left (or right) derivatives decrease faster than any 
power of Oq. The latter space is Frechct for the semi- norms: 

.Oq(x)"||X/(x)|| 
feS{Q,£)^ sup sup] — , j,k,neN, 

or even for 

f(}Q{x)'^\\Xf{x)\\.. 

feS{Q,£)^ sup sup — , j,k,neN. 

7.2 Quantization of elementary normal j-groups 

In this subsection, we specialize the different ingredients of our quantization map in the case of the elementary 
symplectic symmetric space (§, s,a;^) underling an elementary normal j-group. We also (rc)introduce a real 
parameter 9 in the definition of the character (|65p : 



Xe(6) :=exp{i(^,log(&))}, beB, 9 eR\ 

which is globally defined as B is exponential. By Lemma 16.131 and Remark 17.31 the Haar measure dg 
on S (respectively dg on Q) is invariant under both s* (respectively s*) and G. Observe that under the 
parametrization ([8T|) of the group B, we have xe{b) = exp{^^}. Note that within the chart ([83l) . any left- 
invariant Haar measure dg on Q is a multiple of the Lebesgue measure on q (these facts are transparent in 
Equations (|42p . ([M]) and in Remark 17. lOp . Also, within the chart (|^T|) . any left invariant Haar measure dg 
on S is a multiple of the Lebesgue measure on q k 2). By Remark |6.33[ the restriction to § = Q x Y of the 
induced representation U^g (that we denote by Ug from now on) of G on L^((5,dg) reads within the charts 
gl]) on § and ^ on Q: 

Ue{a, V, t)V'(ao, no) = exp jKe^f'^-'^o^i 4- uj°{^e''-'"'n - hq, e°"°°m)) | V(ao - a, no - e"-"°n) , 

where (a, v,t) Q § with a,t and v = n (B m G 1* (B I — V and (oq, uq) £ Q with ao G M and uq £ I*. 

Remark 7.12 In accordance with the notations of earlier sections, from now, we make explicit the depen- 
dence in the parameter 6* e M* in all the objects we arc considering. For instance, we now set fte^m instead 
rim for the quantization map, -kg.m instead of for the associated composition product, Ke,m instead of 
Km for its three-points kernel. Eg instead of E for the one-point phase etc. 

Regarding the one-point phase Eg of Lemma I6.28[ we get from Lemma 16.341 and ((86)) : 

Eg (a, V, t) = exp (sinh(2a)i -I- a;°(cosh(a)n, cosh(a)m)) } . 

Moreover from ((84)) and ((86)) . we observe: 

|jac^e(a,n)| = 2^*+^ cosh(a)'^ , |Jac*(a,7i)| = 2''+^ cosh(2a) cosh(a)'^ , 

so that the element mo given in ((69)) reads: 

mo(a,n) = 2"^+^ cosh(2a)^/2 cosh(a)'' . 

From this, we deduce: 
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Proposition 7.13 Parametrizing S as in (j4ip and Q as in (j83p . we have the following expression for the 
action on L^{Q,dQ) of the unitary quantizer ^le.maix), x G S, associated with the polarized symplectic 
symmetric space underlying an elementary normal y group §; 

{2i ~i 
— (sinh(2a — 2ao)t + ^"(00311(0 — ao)n — no, cosh(a — ao)m)) | 

X cosh(2a — 2aQy^^ cosh(a — Oq)'' ^p(2a — ao, 2 cosh(a — ao)ri — no) . 

Remark 7.14 Observe that | JaCgc | is Sg-invariant, as it is an even function of tlie variable a only. Thus, by 
Lemma 16.241 and Remark 16. 38[ we deduce that the unitary quantization map fig, mo is also compatible with 
the natural involutions of its source and range spaces (the complex conjugation on L^(S, dg) and the adjoint 
on dg)). In particular, it sends real- valued functions to self-adjoint operators. 

Our next result is one of the key step of this section: it renders transparent the link between sections |4] and [5] 
and sections [6] and [7l For this, we need the explicit expression of the tri-kernel i^e.mo of the product ([7T|) for 
an elementary normal j-group §. First, observe that the unique solution of the equation s^^ o s^^ o s^^ (q) — g, 
goi 9ii 92 S Q, as given in Lemma 16.491 reads 

q ~ (ao — fli + 02, 2 cosh(ao — 01)712 — 2 cosh(a2 — ao)ni + 2 cosh(ai — 02)^0) . 

From [28l [5] , we extract 

Lemma 7.15 Within the notations of Provosition W.5U[ we have 

^ ~ I J ac<i>Q I . 

Then, Proposition 16 . 501 and a straightforward computation gives A'e.mo — ^mo e ^ with: 

^mo(a;i,a;2,a;3) = mo(ai - a2)mo(a2 - a3)mo(a3 - oi) 2^^*+^ cosh(2ai - 202)^^^ cosh(ai - 

X cosh(2a2 - 203)^/^ cosh(a2 - a-^Y cosh(2a3 - 2ai)^/^ cosh(a3 - axf , 

and 

S(x\,X2,X'i) = sinh(2ai — 202)^3 -I- sinh(2a3 — 2ai)i2 -I- sinh(2a2 — 203)^1 

4- cosh(ai — 02) cosh(a2 — 03) aj°(ui, V3) -|- cosh(a2 — 03) cosh(a3 — oi) a;"(t'2, vi) 
+ cosh(a3 — ai) cosh(ai — 02) cj°(v3, W2) . 
By identification, we thereof obtain: 

Proposition 7.16 For gi, g2, g3 G § and 9 eM.*, we have 

Ke.ma{gi,92,g3) = Ke fl{9i^ 92, Qi^ 92} , 

where the three-point kernel in the left hand side of the above equality is given in Proposition 1 6. 50\ and the 
two-point kernel in the right hand side is given in Theorem \4.4\ for t = 0. In particular, the products *e(,mo 
and -kQ Q coincide on L^(§, dg). 

Before giving the link between the generic kernels Ke,m and Kg_T, hence a fortiori between the generic 
products *e,m and *e,T, we will give the relation between our quantization map with Weyl's one. Denote 
by the Weyl quantization map of § in the the Darboux chart (|4T|) . For a function / on S, VL^{f) is an 
operator on i^(M''+^) ~ L^(Q,dQ) given (up to a normalization constant) by 

f^°(/)V'('70,no) := C{e,d) J e-^(2(ao-a)t+c.°(„o-n,m)) j^aH_ao^ n±no^^^i)^(a^^) do dn dm dt . 

Then, recall that for r G (sec Definition 14. 2p . the inverse Tg-^ of the map (j53p is continuous on on the 
'flat' Schwartz spacj^ S(S). As the Weyl quantization maps continuously Schwartz functions to trace-class 
operators, we deduce that 51° o T^"^ is well defined and continuous from S{S) to £^ (L^(Q, dg)) . From this, 
we get 

^^By this me mean the ordinary Schwartz space in the global chart I I41II . 
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Proposition 7.17 Let t G O (see Definition^JT^. Then, as continuous operators fron^^S{S) to the trace 
ideal (^L^ (Q , dq)) , we have 

o Tgl = ^B,m , where m(a, n) = mo(q) exp {t(| sinh(2a)) } . (87) 

Proof. By density, it suffices to sliow tliat for / G 5(S), ^le,mif) and ^°{Tg .^{f)) coincide on V{Q). Note 
tiien tliat for / e 5(S), we have 

T,-.^(/)K^,0 = 2. e-(i-"(^))/(a,coslr(^)-Vt-) e'^*"'! (^)*' d^ dt' . 

cosli(^) ^ ^ 



Hence, for e ^{Q), we get 



coslr ( ^ y 

/(iii^ia^ cosli (^) + no)/2, cosli {^y^m, t') V'(a, n) d^ dt' da dn dm dt . 



Performing tlie change of variables a i— > 2a — oq, n h- > 2 cosh(^)n — uq and m i— > cosh(^)m, we get 
^^°K(/))V'(ao,no) =C2(d) / cosh(f )'/'cosh(f /(a, n, m, t') e*^*"'^ 



X g-f (2(ao-a)t+<." («o-cosh )„,cosh (f )m)) ^(2a - ao, 2 cosh(f )n - uq) de dt' da dn dm dt . 
Integrating out the variable yields a factor (5(^ — |(ao — a)) and thus we get 
n"{T,-^if))^{ao,no) = C^id) J cosh (2(a - a^))'^^ cosh(a - aof e"(i ^'"^ (^(--o))) „^ 

X et (2(a-ao))t'+^''(cosh(a-ao)n-„o.cosh(a-ao)m)) ^(^^a - Oq, 2 COSh(a - ao)n - Hq) da dn dm di' , 

which by Proposition 17. 131 coincides with ^e,m{f)''P- ■ 

From the above result and the defining relation (j54p for the product for a generic element r G 0, we 
then deduce: 

Proposition 7.18 To every r G 0, associate a right-N -invariant function m on Q as in (j87p . Then, the 
three point kernel Kg „i of the product *e,m defined in Proposition \6.48\ (ii), is related to the two-point kernel 
Ke,T given in Theorem \4-4\ ^io-- 

Ke^migi, 92,93) = Ke^rigy 92,91^ 92) , ^ 91192,93 G § ■ 
In particular, the product *e,m is well defined on B{S) and coincide with -kg,r- 

Remark 7.19 From now on, to indicate that a right- A^-invariant borelian function m on Q is associated to 
an element r G 0, as in ([87|) . we just write m G 0(§). 

Remark 7.20 Observe that, considering the 'double triangle' three-point function $s given in Proposition 

2i 

13.141 (ii), and writing Kg = e s , for m a right- A^-invariant function on Q, we have: 

A ( X r ^m^(a2-a3) 

Am{xi,X2,X3) = m(ai - aa) — ^ m(a3 - ai) 

m(a2 — as) 

i/2m(ai-a2) mo(a2 - 03) m(a3-ai) 



Jac^-i(a;i,X2,a;3) 



mo(ai - a2) m(a2 - 03) mo(a3 - ai) 



^Observe that 5Sca„(§) c 5(§). 
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The expression above for the ampUtude (in the case where m is right- A^-invariant), could also be derived 
from the explicit expression for the Berezin transform (see Definition 16. 42p . Indeed, in the present situation, 
its distributional kernel in coordinates (|^T|) . reads: 

/Imp 
- — 5-(i arcsinh(iao)) e^'^'^'i^'^Mao . 



By standard Fourier-analysis arguments, we deduce: 



mo 2 



arcsinh(|i9t 



Finally, let us discuss the question of the involution for the generic product *e^m- Since in general, the formal 
adjoint of fle,m{x) on L^((5,dQ) is fle,s*mix), we deduce 



/l *e,m /2 — /l *e,s*rn /2 ■ 

Hence, we obtain that the natural involution for the product ★e.m is 

*e,m : ^^(5 arcsinhd^t)]/ 



Remark 7.21 From Theorem 16.391 and the previous expression for the involution, we observe that the 
element mg defined in (|69| is uniquely determined by the requirement that the associated quantization map 
is both unitary and involution preserving. 



7.3 Quantization of normal j-groups 

Consider now a normal j-group B = {Sn ixrn-i • ■ . ) §1 with associated extension morphisms 

RJ'eHom((SAr X ...) K§j+i,Sp(l/j,c^°)), j = 1, . . . , iV - 1 , (89) 

as in ((40)) . We wish to apply Proposition l6 . 57l to this situation. For this, recall that for S an elementary normal 
j-group viewed as an elementary symplectic symmetric space, J) denotes the Lie algebra of VF-preserving 
symplcctic cndomorphisms of p where the Lagrangian subspace W has been chosen to be I_ 0R£'_ ~ [0]R£'. 

Proposition 7.22 Denote by Sq the stabilizer Lie sub-algebra in sfp(V,uj^) of the Lagrangian subspace [. 

(i) Let Sym([) be the space of cndomorphisms of [ that are symmetric with respect to a given Euclidean 
scalar product on I. Let also 

r] : End([) x Sym([) ^ Sym([) , {T, S) ^ T o S + S o . 

Then, endowing Sym(l) with the structure of an Abelian Lie algebra, one has the isomorphism: 

Do ~ End([) Sym([) . 

(ii) The Lie algebra contains an Iwasawa component of spiV.Lo'^). 
(Hi) Letting Sq trivially act on the central element E of t) induces an isomorphism: 

2) ~ 2)o X [) . 

Proof. Item (i) is immediate from an investigation at the matrix form level. Item (iii) follows from the fact 
that the derivation algebra of the non-exact polarized transvection symplectic triple (g, a, w) underlying an 
elementary normal j-group § admits the symplectic Lie algebra sp(V, as Levi-factor [3|. Item (ii) follows 
from a dimensional argument combined with Borel's conjugacy Theorem of maximal solvable sub-groups 
in complex simple Lie groups. Indeed, on the first hand, the dimension of the Iwasawa factor of 5\){V,uj'^) 
equals dimsp(F,w°) - dimu(d) that is 2d + ^''^^^'^^ - rf^ ^ d{d + 1) with 2d := dim = 2dimL On the 
other hand, the dimension of the Borcl factor in End([) equals d+ '^^'^^ which equals dimSym([). Hence S)o 
contains a maximal solvable Lie sub-algebra of dimension 2{d + ^i^) ^ d{d + 1). Borel's Theorem then 
yields the assertion since sp(y, aj°) is totally split. ■ 
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From [3], we observe that the full polarization quadruple of § underlies the Lie group L = Sp(V,cj'') k G. 
Hence: 

Corollary 7.23 Let § he an elementary normal y group viewed as an elementary symplectic symmetric 
space (see Definition \ 6.31\) and let (LjCTl,^, B) the associated full polarization quadruple (see Definition 
\6.15\) . Then we have the global decomposition L = QB and moreover AlI^ = Ab- 

We can now prove the conditions needed to apply Proposition 16.571 

Proposition 7.24 Let M ~ (Sjv Xr"-! • ■ ■ ) i^ri §i be o, normal ygroup, to which one associates the full 
polarization quadruples (Lj, ai^. , ^j, Bj), j = 1, . . . , N , of the Sj 's. Then, there exists an homomorphism pj : 
Sj — > Dj_i such that its image Pj(Sj) normalizes Sj-i in Lj_i and such that the extension homomorphism 
Rj constructed in (j73p . coincides with R-' € Hom(§j, Aut(§j_i)) in (j89p . 

Proof. Firstly by Pyatetskii-Shapiro's theory |T7], one knows that the action of Sj on Sj-i factors through 
a solvable subgroup of Sp(V,_i, Setting {AN)j-i the Iwasawa factor of Sp(V^_i, we thus get 

an homomorphisni: 

: ^ (AiV),_i . 

But Proposition 17.221 (ii) asserts that {AN)j^i is a subgroup of exp{S)o.j-i}, where S)o.j-i is the stabilizer 
Lie sub-algebra in sp(Vj_i,a;^_]^) of the Lagrangian subspace ij-i- Combining this with the isomorphism of 
Proposition [721] (hi), yields another homomorphism: 

Hence pj := pj o is the desired homomorphism. Now, observe that by [31 Proposition 2.2 item (i)], the 
group Sj-i viewed as a subgroup of Lj_i , is normalized by Sp(Vj_i , f^j-i) for the action given in Proposition 
13.101 (iv) and that this action is precisely the one associated with the extension homomorphism R^ in the 
decomposition (|89p . Thus, all what remains to do is to prove that the extension homomorphisms R-' and 
Rj coincide. Here, Rj{g) '■— Cpj{g) € Aut(§j_i), g G Sj, is the extension homomorphism constructed in 
([73)) . But that R-' = Rj follows from a very general fact about homogeneous spaces. Namely, observe that 
if M = G/K, then action of the isotropy K x M ^ AI, {k,gK) —J- kgK, lifts to G as the restriction to K of 
the conjugacy action K x G ^ G, {k,g) i-^ kgk^^ (indeed: kgK = kgk~^K). ■ 

From this, we deduce that Proposition 16.571 and Theorem 16.581 are valid in the case of a normal j-group. 
Moreover, we also deduce that the associated product -kg^n coincides with *e,f of Proposition [4?5l 

Proposition 7.25 Let M be a normal j-group. To every f £ &^ , we associate a function m on Qn x . . . Qi 
&?/ m = mjv ® ■ ■ ■ ® mi where mj is related to tj as in (|87p . Then, the three-point kernel Kg^rn of the product 
*e,m defined in Theorem \ 6. 58\ (Hi), is related with the two-point kernel Kg^r given in Proposition \4-5\ (|57p 
via: 

Kg,m{gi,g2,g3) = ^e,r(gr^52, fff^Ss) , ^gi,92,gz e B • 
In particular, the product *e is well defined on B{Bi) and coincide with kg,f. 

Remark 7.26 To indicate that a function m = m^r ■ ■ - ^ mi on Qat x . . . Qi is related to elements Tj G 
as in ([87]) . we just write m G 0(B). 

We also quote the following extension of Proposition 17.171 

Proposition 7.27 Let M be a normal y group. For any m G 0(B) , the quantization map f^e.m is a contin- 
uous operator fronts {W) := 5(Sjv) «) • • • ® 5(Si) to {L'^{Qn Aqn) ® ■ ■ ■ ® L'^{QiAqi)) ■ 

iSQbserve that 5'5can(B) C S(B). 
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8 Deformation of C*-algebras 



Throughout this section, wc consider a C* -algebra A, endowed with an isometric and strongly continuous 
action a of a normal j-group B. In section[5l we have seen how to deform the Frechet algebra A°° , consisting of 
smooth vectors for the action a. Our goal here is to construct a C*-norm on (^°°, *e m)' order to get, after 
completion, a deformation theory at the C*-level. We stress that from now on, the isometricity assumption 
of the action is fundamental. The way we will define this C*-norm is based on the pseudo-differential calculus 
introduced in the previous two sections. 

The basic ideas of the construction can be summarized as follow. Consider H an Hilbert space carrying 
a faithful representation of A. We will thereof identify A with its image in B{n). Let 5^ca„(B,A) be the 
A-valued one-point Schwartz space associated to the tempered pair (B x B, S'fan) as given in Definition 1 2. 341 
Since this space is a sub-set of the flat A- valued Schwartz space of B, Proposition 17. 271 shows that for every 
m e 0(1), the map 

/ e 5^'^" (1, A) ^ nl^if) := / fix) ® nl^ix) dn{x) (90) 

is well defined and takes valued in A ®K,{%y^, where "H^ := L^((5i, dgj ® ■ ■ ■ ® L'^{Qn, dQ„). Then, the 
main step is to extend the map (|5D|) . from 5"^<:'«> (B, ^) to B{M,A). As for a G A°°, the A- valued function 
a(a) := [g E M i-^ oig{a) E A] belongs to B{M, A), we will define a new norm on A°° by setting 

\He,m:= \\nl^{aia))\\ , 

where the norm on the r.h.s. denotes the C*-norm of B(T-L ® T-Lx) ■ This will eventually be achieved by 
proving a non-Abelian C*-valued version of the Calderon-Vaillancourt Theorem in the context of the present 
pseudo-differential calculus. This theorem will be proven using wavelet analysis and oscillatory integrals 
methods. 

8.1 Wavelet analysis 

Let B be a normal j-group, with Pyatetskii-Shapiro decomposition 

B= (Sw >< ...) K§i , 

where the S^'s, j = I, . . . ,N, are elementary normal j-groups. Recall that our choice of parametrization is: 

Stv X • • • X §1 ^ B , (gAT, ...,gi)i-^gi...gN- 

Remark 8.1 Observe that the extension homomorphism at each step, R^, being valued in Sp(V,-,w°), it 
preserves any left invariant Haar measure dg- on Sj : 

(R^^,)*ds,. = ds^ , V<7' e (Sat K . . . ) X §j_i . (91) 

This implies that the product of left invariant Haar mesures dg^ (8) ■ • • ® ds„ defines a left invariant Haar 
measure on B under both parametrization g = gi . . . g^ or g — g^ ■ ■ ■ gi of g e B. 

The aim of this subsection is to construct a weak resolution of the identity on the tensor product Hilbert 
space L^(Q7v,dQ„) (g) • • • (g) L^{Qi,dQ-^) := from a suitable family of coherent states for B, that we now 
introduce. 

Definition 8.2 Let M be a normal y group. Given a mother wavelet rj := r]^®- • ■®rji € V^Qn)®- ■ ■®'D{Qi), 
let {ri3:}xi£M be the family of coherent states defined by 

Vx ■= Ue{x)r] , x e B , 

where Ug is the unitary representation o/B on constructed in Lemma \6.54\ for the morphism uderlying 
Proposition \7.24\ 

^^Given an Hilbert space H, K{'H) denotes the C*-algebra of compact operators. 
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Observe that in the elementary case, we have: 

Vx{qo) =K{Q'^'lob)v{<l^^(lo) , x = qbeS, qo £ 
where the phase Eg is defined by 

EO(.t) :=xe(C,-i(5)), x = qb e S . 



(92) 



(93) 



In the generic case, setting B = B' Kr §i with B' a normal j-group and §i an elementary normal j-group, 
we have for ij = rj' (E) rj^ , r/' G ^{Qm x • • • x Q2), G 2?(Qi) and parametrizing g S B as g = g'gi, g' G B', 
51 e S: 



(94) 



where p : B' — > B is the homomorphism underlying Proposition 17.241 



Proposition 8.3 LetM be a normal j-group, £ a complex Frechet space, with topology defined by a countable 
family of semi-norms {\\-\\j}j<£N CLnd let rj := rj^ (8 • • • (8) G 'DIQn) (g) ■ ■ ■ (g) I?(Qi). Then, the map 

r' ■.L°°{Qn X ••• X Qi,f) ^ i°°(B,f), 

f^ xeBH^ J f{qN,-.-,qi)VxiqN,---,qi)dQj^{qN)---dQ,{qi) e£ 

induces a continuous map J^'' : S{Qn x • • • x Qi, f ) — > L^{M,£). 

Proof. Assume first that B = S is an elementary normal j-group. We denote by Eg the element of C°°(S) 
given in so that with x = g6 G S, g G Q, 6 G Y, we have for every / G S{Q, £): 

{FV){x)^ [ f{qo)E'i{q-\ob)v{q-'qo)dQ{q,)= f f{qq,)-E"eMv{qo)dQ{q,). 



Decomposing as usual q = a © n, the left invariant vector fields associated with H the generator of a and 
{fj}j^i a basis of n, read in the coordinates 



H = da-^njd„., fj=d„., j = l,...,d. 

Moreover, in the chart (|1T|) of §, with x — {a,n ® m,t), the function Eg takes the following form: 

E^(a;) = exp{^(e-2"t- e-"a;°(n,m))} . 

Hence, defining 

d 

zi?EO=:aEg and - ^ ./^ ^. ^ , 

i=i 

a simple computation gives 

a{x)^l{e~^H-e-''uj°{n,m)), (i{x) 



where jmp = "^"(/ji ™)^- Moreover, it is easy to see that both a and /3 are eigenvectors of H with 

eigenvalue —2 and that fjji = 0. Hence setting P := 1 — /j ' '^^ integration by part on the 

go-variables and with fc G N arbitrary: 



{^V){x 



EO(go&) (1 - i/,'J 



{l + a{qobY -2ia{qob)){l + P{qob)) 



dQ(9o) 
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This easily entails that 

||(^'/)W||,<cw / ll('-<)^.[/(»)'>(«)llb a„(,„). 

J (l + o(9oi.)')(l + «?oi.)) 

By left iiivariance of H and Xj, we get up to a redefinition of / e £) and of 77 e 

In coordinates, the L-'^-norm of \\ {J^^ f) j is bounded by: 

/(a + ao , e--n + no) ||, h(ao, np) | ^ 



(1 + ^{e-'^H - e-'^wO(n,7n))2) (l + 9-^ cosh(a)2||m||2)'' 



^ / ll/("--)ll^l-^("°---o)l^"\daodnodadnd..d^ 

which is finite for k = [c?/2j + 1 since / is intcgrable in any semi-norm ||.||j and r/ is compactly supported. 

Clearly, the arguments above survive when considering direct products of elementary j-groups. Now, we 
make the simple observation that the quantity 

ll-^VI|i,.:= / ll(-F''/)(9)ll,dB(g), 



for the semi-direct product B = (S^r k . . . ) x §1 equals the same quantity for the direct product §jv x • • • x §1. 
Indeed, set B = B' x §1 and g = g'gi E B, g' e B', gi e §1, we have from (|94l) . the observation made in 
Remark 18.11 and left-invariance of the Haar measure ds, : 



||(^V)(5)ll,dB'KS,(ff) = / ll(-^V)(5',p(.9')5i)ll,dB'(5')ds,(3i) 

'xSi JB'xSi 



ll(-^V)(.9',,9i)ll,d„.(5')ds,(5i) = / d„,xs,(3) • 

xSi JB'xSi 

This concludes the proof. ■ 
We then deduce the following consequence: 

Corollary 8.4 Let M be a normal j-group and :^ rjN (E) ■ ■ ■ <E) r/i E ^{Qn) (g) • • • (g) 'D{Qi). Then, the maps 
[B 9 X i-> (77,772;)] and [B 9 .x n- (77,772,-1)] belong to L^(B,dB). 

Proof. This follows from Proposition 18.31 with £ = C since {ri,r]x) = J-"'' (77) (x) and (7/, 773.-1) = T'^(jfj{x). ■ 

The next result is probably well knowrF^ but since we are unable to locate a proof in the literature and since 
we use it several times, we deliver a proof. 

Lemma 8.5 Let {X, /i) is a a-finite measure space and % a separable Hilbert space. Consider an element 

K e L°°{X X X,^i(g) fi;B{H)) , 

such that 

Then, the associated kernel operator is bounded on L^{X,^;'H) with operator norm not exceeding ci C2. 



^''It can be viewed as a Banach space valued version of Shur's test Lemma. 
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Proof. Let Tk the operator associated with the kernel K. For $, G L'^{X, D L^{X, iJ.;T-L), we have 
I (<&, Tx'I') I < oo. Moreover, the Cauchy-Schwarz inequahty gives 



{<P,Tk^)\= / {<fix),Kix,y)^iy))^dfi{y)dfiix) 

JxxX 



< [ \mx)\\n\\K{x,y)\\B(^n)\\'ifiy)\\ndijiy)d^iix) 

JxxX 

mx)\\l\\Kix,y)\\si^)d^i{y)d^^ix)) ( / ^^(y) 



< 

IXxX ' ^JXxX 

< Cl C2 ||^'||l2(x,^;-H) : 

and the claim follows immediately. ■ 

We arc now able to prove that the family of coherent states {r]x}xeM provides a weak resolution of the 
identity. 

Proposition 8.6 Let B a normal j-group, H an Hilbert space and ?/ := ?7Ar (81 • • • (8) ?7i G V^Qn) <E) ■ ■ ■ <S) 
V{Qi) \ {0}. Then, for all e%® the following relation holds: 



=C(77) 1 / ((?7„«')„^,(7?„$)„J dB(x), 
where (77^., '^)-h^ is the vector in % is defined by: 

and the constant C{r'i) equals (27rf?)'^""(®)/^|| Ag^ ^yijli ■ ■ • II^Qjv wlli' with Aq. the modular function of Qj. 

Proof We first demonstrate that for $ e "H "H^ , the map [x G B H> {r]^,^)^.^ G H] belongs to L'^{M, H). 
To see this, let {Bj}jgN be an increasing sequence of relatively compact subsets of B, which converges to B. 
For each j G N, we define the operator 

Clearly, each Tj is bounded: 

\\TjF\\n^n, < I \\F{x)\\uUAh,M^) 

< hil^^measCB.y/^r / dB(x)) = Mn,mc'^s{M,y/'\\F\\L2(MM) ■ 

To see that the family {Tj'jjgN is in fact uniformly bounded, note that the adjoint of Tj reads: 

Tj* ■.H(g)Hx^ L^{Mj,H), $ ^ [x G Bj ^ (7?^, g H] . 
Hence for F G L^{Bj,n) we get 

\T^\'Fix)^ [ Fiy){rjx,rjy)dMiy) , 



that is iTj'p = S] Id«, where S] G B{L^{Mj)) is a kernel operator with kernel K]{x,y) ^ (Vx^Vy)- 
Applying Lemma fS.Si a simple change of variable gives \\Sj\\ < \\[x i-> (r?, r/x)] || 1 C which is finite by 
Lemma 18.41 and of course, is uniform in j G N. Finally, since 



lfe,*)wJI«dB(x-) = ||7;''*<i'|ii.(B,.w) < cm 
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taking the limit j ^ oo gives 

\{v.,'^)-HjidM{x)<c\m 



as needed. The rest of the proof is computational. Assume first a that B = § is elementary. In this case, for 
* G H (g) a-nd 77 e I'(Q), we have in chart (gT]) and from 



((?7x,*>«^,(?7.T,4')«J„ ds(a;) J {'^iao,no),^{ai,ni))nv{ao - a,na - e" ""n) ri{ai - a,7ii - e" "^n) 

X exp|^((e"^°" - e"^"i)e2"(i + w"(n,m)) - e"w°(noe-"» - riie^'^i , to)) | da dn dm dt dao dno dai dnj . 
Integrating out the t-variable yields a factor 2tt9 e~^°''^'^°'° d{aQ — ai), the former expression then becomes 
2TTe J (*(ao, no), $(ao, rio))w 77(00 - a, no - e''^''°n) 77(00 - a, tii - e^^^^n) 

X e~^''+^''« cxp| - ^(e°"°"a;°(rio - 77i, to)) | da d77 drndao d77o dni . 
Integrating the TO-variables, yields a factor (27r6')'^e^''"+''"''(5(no — tt-i) and we get, up to a constant: 

(^-(00, 7io), <I>(ao, ni))n v{ao -a,no~ e''^°-''n) r]{ao - a, no - e^^^^n) e^id+2){a-ao} ^ndao dno , 
which after an affinc change of variable gives 

which is all we needed. 

The case of a generic normal j-group B, can be treated with the same reduction method than the one 
used in Proposition 18.31 Observe first that the arguments above survive when considering direct products 
of elementary factors. Now, for B = B' Xr§i, we get with the |bra)(cket| notatiorP^ and with g = g'gi e B, 
g' e B', gi <E §1: 

\Vg){Vg\dB'KS^ig) = / \V{g' ,p{g')gi)) {V(g' .p{g')gi)\ d-B' [g') ds.igi) 

= l'7(g',gi)>(??(g',gi)|dB'(ff')dSi(,9l) = / |77g) (77^ | dfi' xSi (ff) , 

JB'xSi JM'xSi 

and the claim for semi-direct products of elementary normal j-groups follows from the claim for direct 
products of elementary normal j-groups. ■ 

Remark 8.7 In the following, we will absorb the constant C(7;)^/^ of Proposition 18.61 in a redefinition of 
the mother wavelet r] — ijn (E) ■■■ <E) tji £ 'D{Qn) <E} ■ ■ ■ <E) ViQi). 

Remark 8.8 Other types of weak resolution of the identity can be constructed in this setting. For instance, 
setting fjx := il^^{x)T], where 77 is arbitrary in H-^, we have from the unitarity of the quantization map ^^mo- 



(■0,0) = II7/II / (■0,??i.)fe,0) daix) , 
Jb 

for all (f>,ip £ T-Lx- Similarly, let y be the Wigner function on B, associated to a pair of wavelets ijxj'qy: 
W2,y{z) := (Tma[\r}x){ny\]{z) = (77.y|17m„(z)|77^) , x,7/,z S B . 

Then, these Wigner functions may be used to construct a weak resolution of the identity on L^(B,dB): For 
all /i, /2 € i^(B, di), we have 

-4 



(/i, /2> = l|r7ir^ / {h.Wly) {Wly, h) d„(x) d„(j7) . 



'^^In what follows, is the rank one operator given by § 1—^ (V'l ?)'/'• 
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Proposition 8.9 Let B a normal y group and A be a densely defined operator on % ®'Hx' whose domain 
contains the (algebraic) tensor product 'H®'D[Qn x • • • x Qi). For x, ?/ e B and rj G 'D{Qn x • • • x Qi) define 
the element {r]x, Ariy)-^^ of B{'H) by mean of the quadratic form 

Assuming further that 



sup / \\{rix, Ar]y)'uJ\B('H) d-Mix) < oo, sup / \\{rix, Ar]y)^J\B('H) dniy) < oo , 

I/SB Jb x£B Jb 

then A extends to a bounded operator onT-L® H^. 

Proof. Since rj^ is smootli and compactly supported, our assumption about tlie domain of A ensures that 
{rix, Ariy)-u^ is well defined as an element of B{7i). Thus, Lemma [531 applied to {X,iJ.) = (B,dB), yields that 
the operator A on L'^(E,H) given by 



AF{x) := / {Ti,„AT^y)u,F{y)d^i[y) , 

is bounded with 

Pll < (sup / \\{rix,Ariy)uJ\B(H)'^K{x)) ' (sup / |j (?7^, J|i3(^) dB(?/)) ' . 

^ yeB Jb ' ^ xeB Jb ^ 

For $ e H «) -H^ define the ?^-valued function on B: $ := [.x G B i-^ {r]x,^)u^ G H]. By Proposition [531 we 
know that $ belongs to L^(B,H) with ||<i)||-H,g,^i^ = j|$||i2(B -j^j. Take now e domA. In this case, we 
can use twice the resolution of the identity to get 



{'^,A^)H®n^ = j {{'nx,'^)H^,{r],,,Ar^y)n^{r^y,'^)H^)uMx)My) = A*)i2(B.«) . 
Therefore, we conclude that 

|($,A^')„^«J = |(l>,i^')i2(B,«)| < |ll>jlL2(B,W) WHlHK.H) \\A\\ = ll^llw^Wx ll*ll«®-Hx H^H < 

and the result follows immediately. 



8.2 A tempered pair from the one-point phase 

Let § be an elementary normal j-group. Consider the one-point phase Eg defined in (1681) and given by 

^e{qh)^Xe{C<i{h-'~^b)) =: e^^^"'^ , (95) 

The aim of this section it to prove that the pair (§, S), is tempered, admissible and tame. For this, we 
consider the following decomposition of the Lie algebra s (i.e. the one we used in Equation (|47| ): 

3 

s = Vfc where Vb := a , Vi := [* , V2 := \ and V3 := RE . 

As usual, we us fix a basis of [* to which we associate {ej}^^i the symplectic-dual basis of [, defined 

by w"(/i, Cj) — 5ij. Associated to the decomposition v~nQ)m. G I* Q)l^V,wc get coordinates 

Uj := u°{n,ej) , nij := uj°{fj,m) , j = l,...,d. 

From the expressions (|45|) of the left invariant vector fields of §, in the chart (j4T|). we get the following 
coordinates system on §: 

Xo:=HS = 2e-^''t - {I + er'^'')uj°{n,m) , x{ := /j S = (l + e-^")^^ , 

a;^ ej S = (1 + e^°')nj , X3 := S = sinh(2a) . 

We then deduce: 
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Lemma 8.10 The pair (§, S) is tempered in the sense of Definition \2.17\ Moreover, the Jacobian of the 
map 

(^:§->s*,5i->[s->M,XesK^(XS) (g)] , 
is proportional to mg x Ag ^^^'^'^^'^ . 

The foUowing Lemma is actually all what we need to prove admissibility (in the sense of Definition I2.19P of 
the tempered pair (§, S): 

Lemma 8.11 For every k G {0, 1, 2, 3}, there exists a tempered function m^ > with dx^vo-k = for every 
j < k and such that for every X G Ll{V^''^), there exists Cx > with 

\Xxk\ < Cxmk{l + \xk\) ■ 
Proof. From the computations, for k G N* and i,j — 1, . . . , d: 

H'^xo - (-l)'=(22'=+ie-2°t- 2*^(1 + 2'^e-2'^V°(n,m)) , 

H'' x{ = (-1)''^ (1 + 3''e-^'')mj , f^x\=0, 

H^xi = {{-!)'' + e'-)n,, f, x^ = (1 + e^^Sf , e.,xi = 0, 

rrk f>fc+i I cosh(2a) , k even ~ „ ~ ^ ?^ 
I smh(2aj , k odd 

and elementary estimates, we obtain: 

\Xxo\ < C^(l + |a;o|)(l + |xi| \x2\) , VX G U{Vo) , 

\Xxi\<Cl,il + \x{\), VXGZ^(yW), 

1^2:^21 < + \xi\)il + \x,\) , yX G UiV^'^) , 

|^2;3| <C|(l + |a;3|), VX G , 

and the claim follows with mo(x) = (1 + \xi\ \x2\), mi(x) = 1, m2(a;) = (1 + \x3\), m3(a;) = 1. ■ 

Repeating the arguments of the proof of Proposition I3.26| we deduce admissibility for the tempered pair 
(§,S). 

Lemma 8.12 Define 

d d 

Xo:=l-H^ eU{Vo) , Xi-.^l-Y, ff ^^(Vi) , ^2 := 1 - ^ g Z^(l^2) , X3 -.^ 1 - e UiVs) . 

i=i i=i 

Then the corresponding multipliers := E^^X^E satisfy conditions (i) and (ii) of Definition [KT3[ with 
Pk = 2 and the fik 's are given by the uik 's of Lemma \8.11\ 

At last, we observe that tameness (see Definition 12. 29p follows from Lemma [3.271 and arguments very similar 
to those of Corollary 13.281 We then summarize all this by stating the main result of this section: 

Theorem 8.13 Let § be an elementary normal y group and let S G C°°(§) as given in (j95p . Then the pair 
(S, S) is tempered, admissible and tame. 

Remark 8.14 For B a generic normal j-group B, we could also define a one-point tempered pair, by setting 

N 

E^ :=exp{f S»} :B^U(1), S» : B ^ M , g^^S^'ig^), (96) 

i=i 

where S^^ is the one-point phase of each elementary factor of B in the parametrization g = gi . . . g^ G 
B, relative to a Pyatetskii-Shapiro decomposition. Then temperedness and admissibility will follow from 
arguments very similar than those of Theorem 13.351 

Remark 8.15 The one-point Schwartz space S^'"^'^{S) associated with the two-point pair (§ x §, Scan) co- 
incides with the one-point Schwartz space iS^(S) associated with the one-point par (§, S). 
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8.3 Extension of the oscillatory integral for elementary normal j-groups 

Associated to a tempered, admissible and tame pair (G, S) , we have constructed in subsection l2.3l a continuous 
linear map for any Frechet space £ and any element m G B^{G) (with jj, a tempered weight on G): 



J Em :i3{'^^}(G, 



which extends the ordinary integral on 'D{G,£) and that we called the oscillatory integral. 

The aim of the present subsection is to explain how for the tempered pair (S, S) of Theorem 18.131 one can 

enlarge the domain of definition of the oscillatory integral. For this let f be a Frechet space with topology 

underlying a countable family of semi-norms {|| ■HiljeN, {^iljeN a family of tempered weights on S and v 

be a fixed tempered and Y-right-invariant wcighll^i on S. Let us then consider the following subspace of 

C°°(§,£:): 

\^FeC°^{§,£) : \f{j,X,Y)eNxU{q)xU{y),3C : \\X Y F{qb)\\j < C i^iqf"^^^'' fij{qb)y 

This space may be understood as a variant of the symbol space B^f^^^{S,£), where a specific dependance of 
the family of weights {/ijjjgN in the degree of the derivative is allowed. We endow the latter space with the 
following set of semi-norms: 

\\F\\J,k^M,H^'^,oc■■= sup sup sup | f ^w"'\f I Ivl } ' j,fci,fc2eN, (97) 

where UfegNZ^fe(q), UfegN^fe(?)) are the filtrations of Z-/(q) andZi(2}) associated to the choice of PBW basis as 
explained in As expected, the space Sj-jj^^(§,£) is Frechet for the topology induced by the semi- norms 
(j97|) and most the properties of Lemma 12.81 remain true. 



Lemma 8.16 Let (§,£,{11.11^}^^^) as above, let {/^jljeN &e two families of weights on S and let 

V, v' be two right-Y -invariant weights on §. 

(i) The space bI^^'\§,£) is Frechet. 

(ii) The bilinear map: 

b\::^\^) X 6f;j\s,£) , {u,F) ^[ge^^ u{g) F{g) € £] , 

is jointly continuous. 

(Hi) If there exists C > such that u' < Cv and if for every j G N, there exists Gj > such that n'^ < Gjfij, 
then Bj^l^/^\s,£) C B^^^^ {Ei,£) continuously. 

(iv) Assume that v y v' and that jij >~ fij for every j G N. Then, the closure o/P(§,£) in i3j'jj^^(§,£) 
contains B^^^/^^ {§, £) . In particular, T>{S,£) is a dense sub-set of B^I^/^\e>,£) for the induced topology 
of Blf {§,£). 

Proof. The first assertion follows from the fact that a countable projective limit of Frechet spaces is Frechet 
and that i3fjj^^(S,£) can be realized as the countable projective limit of the family of Banach spaces un- 
derlying the norms J2i=o =o Sf^=o \\-\\i,ii,i2.i^i,i^,oD- The proof of all the other statements are identical to 
their counter-parts in Lemma 12.81 ■ 



^®We may view i' as a function on Q. 
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We are now able to prove our extension result for the oscillatory integral associated to the admissible, 
tempered and tame pair (§, S): 

Theorem 8.17 Let {fij}j^fi be family of tempered weights on u a Y -right-invariant tempered weight on 
§ and m an element of B^{S>) for another tempered weight /i on S. Let also Df, r € N^, be the differential 
operator constructed in (|24p . Then for all j G N, there exist rj G N^, Cj > and Kj, Lj G N, such that for 
every element F G i3[^^'J^^(§, £), we have 



Js 



Consequently, the oscillatory integral constructed in Definition \2.26\ for the tame and admissible tempered 
pair (S, S), originally defined in B^^''^E,£), extends as a continuous map: 



J s 



Proof. The proof is very similar to those of Proposition 12.241 so we focus on the differences due to the 
particular behavior at infinity of an element of Sj'jj^'^(§, f). 

By Lemma lS.lOl the Radon- Nicodym derivative of the left Haar measure on S with respect to the Lebesgue 
measure on s*, is bounded by a polynomial of order 2d + 4 in the coordinate x^. For each j G N, the weight 
pLj is also bounded by a polynomial in xq, xi, X2, xa. Now, observe that by construction of the operator Dp 
in (p4l) . we have for any f= (ro, ri, r2, rs) G N"*, with Ki = 2ro-\-2ri, K2 = 2r2 + 2r3 and with the notations 
given in ([^5]) : 

|D,-^^| < |*o| l^l.ol |*24.0| |*3,24.0| 

< C|*ol l*l,0l l*24,0l l*3.2,l,0l/i,i'"""+'"MI^II,.Ki,if.,M,,..oo . (98) 

This will gives the estimate we need, if we prove that the function in front of \\F\\j,Ki.K2.iij,iy.oo in ()98p is 
integrable for a suitable choice of r G N**. We prove a stronger result, namely that given R G N^, there exists 
f G N"' such that 

I^OI |^2a,0| |*3.,.0k— < (l + |,,|).o(l + |,,|)4 + 1X21)^^(1 + |X3|)^3 ' 

From CoroUarv 12.231 and Lemma [8. 121 we obtain the following estimation: 

(l + |xi||x2|)2'^o 1 (l + |x3|)2'^i('-o+'^i+'-^) 1 



l^'ol |*l,o| |*2,l,o| |«'3.2,l,o| <C- 



(l + lxoD^-o (l+|xi|)2-i (1+|X2|)2-^ (l + |x3|)2'-3 • 

At last (this is the main difference with the proof of Proposition I2.24p note that ly, the tempered function 
on Q, can be bounded by |x2|^^|x3|P3 for somme integers P2,P3- Hence |4'o| |^'i,o| |*2,i,o| |^'3,2,i,o| 
is smaller than 

C(l + \xo\)-^''"{l + |xi|)-2'-i+2'-o(l + |a.2|)-2r2+2ro^+2p2(r-o+ri)(^ _^ [^.g |)-2r3+2n (ro+n +r2)+2p3 (ro+n ) ^ 

and the claim follows. ■ 



8.4 A Calderon-Vaillancourt type estimate 

For J = 1, . . . , A^, fix nij a Yj -right-invariant tempered weight on Sj (that we identify in a natural maner as 
a function on Qj), in the sense of Definition 12.121 for the tempered pair (§j, S^^ ) underlying Theorem 18. 131 
Our aim here is to prove that for F G B(E, A), the operator fte.m{F), defined via a suitable quadratic form 
on H (g) y.^, is boundccj^. We start by proceeding formally, in order to explain our global strategy. Also, 

^OQbserve that this property holds for F G cS^oa„(B,A), by Proposition 17^ as 5'^can(B,A) C 5(B; A). 



91 



to simplify the notations, we assume first that B = § is elementary. So let $, 5* G H (25 'H^. Using twice the 
resolution of the identity of Proposition [8]6l we write 

($,rie,™(F)*)«55«^ = / ((77,, $)«^,(r/„r!e,m(^^)?/y)«,(rfe, ds(x) ds(2/) . 

JSxS 

Next, we use the §-covariancc of the pscudo-difFcrcntial calculus to get 

Then, we exchange the integrals over § and Q and expand the scalar product of "H^ to obtain: 
{Vx,^e,m{F)ri)-H^= I F{qoqb)r]^{qo)m{q^^)'E,{qb)r]{qos''q)dQ{qo)ds{qb) . 

JSxQ 

Given F € S(S, A), this suggest to define 

F^iqb,qo):=F{qoqb)r^{qos'q) , (99) 
SO that with m.{qb) := m{q~^) and with the notations of Proposition 18. 31 we will have 



{Vx.neMF)v)n,=F\ £(2/) m(y) y) ds(y)j (x) . 

Consequently, we obtain 

{^,neMF)^)H<»n^^ I {{vx.^)n,,F'^( I E(z) m(z) z) ds(z)) (y'^x), vI/)„ J ds(x) ds(y) . 

Surprisingly, this is the right hand side of the (formal) equality above which gives rise to a well defined and 
bounded quadratic form on H (K) , once the integral sign in the middle is replaced by an oscillatory one in 
the sense of Theorem 18 . 1 71 for the tempered pair (S, S). 

Coming back to the case of a generic normal j-group B, the most important step is to understand the 
properties of the corresponding map F i-> F^ given in ([99]) . 



Lemma 8.18 Let A be a C* -algebra, M be a normal ygroup with Pyatetskii- Shapiro decomposition 
(§7V K . . . ) K Si and r] € V^Qjm x • • • x Qi). Then the map 

F^F'^:^ qNbN^^N^ qN-ibN-i & ^N-i ^ ■ ■ ■ qibi e Si ^ (qw, ■ ■ ■ ,^1) ^ Qn x ■ ■ ■ ^ Qi ^ 

F{q[qibi . . . q^v-i^A^-i^Af-i^jv^JV^^Ar) ri^q'f^s^qN, ■ ■ ■ , q'lS^qi) e A 

is continuous from B{^, A) to 



BJ 



Is"")/ {f- } / Ib"^I/ 



Qn' 



where Oq^ (respectively j denotes the modular weight of Qj (respectively ofSj). 

Proof. For notational convenience, we assume that B contains only two elementary factors, i.e. B = §2 x §1 
with Si,S2 elementary normal j-groups. This is enough to understand the global mechanism and the proof 
for a generic normal j-group with an arbitrary number of elementary factors will then follow by induction, 
without essential supplementary difficulties. In this simplified case, we have to prove that the map 

Fk^ F" := [q2b2 e §2 ^ [qih G §1 ^ [(g^,gi) eQ2xQi^ F{q[qibW2q2b2)v{q2l"q2,q'is'qi) G A]]] , 
is continuous from B(E,A) to 

bI^FJ {^2,bI^FJ (Si, 5(Q2 X Qi, a)) ) . (100) 
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By the discussion following Remark 17.111 it is clear that one may regard S{Q2 x Qi,A) as a Frechet space 
for the topology induced by the following countable set of semi-norms: 

ll/IUj := sup sup <^-:^ \, {j,k)eN . 



A'GWfc(q2®qi) (92 ,9i )GQ2 x Qi 



Note also that the natural Frechet topology of the space (|100p is associated with the following countable 
family of semi-norms (indexed by (k2, 12, ki, h, k,j) S N^): 



:}■ 



$ sup sup sup sup sup sup sup sup 

XeUk2{q2) X'GW,2(2)2) 92b2eS2 FG Wfcj(qi) F'G W, JOli) gifciGSi ZeUkiq2®qi) (92,91 )eQ2 xQi 

f OQ2(g2pOQi(gO' Il^(9^9;)^^ibi^9ifci^^2b2^;b2^fe^2;gi&i;g^,gl)|| 

Us,(g262)"^('=i-'i^'^j)fQ2fe)2'^^ c)si(gi6i)"i('^^^)c)Q,(gi)2fei \X'\i, \Y\k, l^k- 

We denote the latter semi-norm by |l.||fe2./2,'i:i,'i fc j- Then, for 

{X, X', Y, r', Z') e Uic\2) X Z^(2j2) X Uiqi) x Z^(2)i) x ^^(qs) x Z^(qi) , 

we get within Sweedler's notation: 

^g,',^J;?9i(,i?qi6i^92f'2^92fc2^''('?l^i;92fo2;g2,'?'l) 51 51 51 51 XI XI 

{X)iX') (Y) {X'){Z2)(Z^) 

From the same reasoning as those in the proof of Lemma (v), we deduce that 

II pr,,, <r«„T. ^Q2(g2p^Ql(glP f.r..S 

" - ^5S2(92&2)"^('^-'-'^---'-)0Q2(g2)2^^0Si(<?l6l)'H('^-..)c)Q^(gi)2^^ ^ ^ 



b Xq^b.x' t F(g;qifeig^g2&2)|| |^J':Z;^'>"9i-^92'y(9k'''72,'7is'''7i) 

X sup p— r— — r— ^ r— SUp ■ 



7I V2 T^/ 

92 gi^i 9: 

where the first supremum is over: 

iq2b2,qibi,q2,q'i) G S2 x §1 x Q2 x Qi , 

the second over: 

eZifc,(q2) xW,,(2)2) xZ^fe,(qi) xZ^,,(2)i) xWfc(q2) xWfc(qi) , 

and the third over: 

eZ^fc,(q2) xZ^fc,(qi) xZ^fc(q2) xWfc(qi) . 

Next, we observe: 

4; ?9i ?9'i bi ^9262 fc2 ^ (gWi &i 9^262 ) 

= {Z} M^^,^. Ad^^, ^^.{YY') X X' F) {q[q^h,<^^q2b2) . 

Then, note that if we expand a right-invariant differential operator X in a PBW-basis of left-invariant one, 
the coefficient functions will be bounded by Dg'^®^"^-' and thus for any F e A) and X S U{s), the element 
X_F will belong to g^"*""*^) j-g^ This observation together with Lemma [^751 entails that the F-dependent 
supremum in (|10ip is bounded by: 

C\\F\\2k+k,+l,+k2+l2.oo^M<l2h2?''+'''+''^M(llblf ■ 

For Ty-dependent term in (|10ip . we first note: 

z;,z2,r,^x,,?/(g^/(?2,<zU'gi) = ?9i^92(^'^''?)(gk'g2,gU'gi) , 
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so that up to a redefinition of rj, we can ignore the right-invariant vector fields. Next, we observe that with 
q = (a,n), q' = {a',n') in the coordinates ((83)) . we have: 

qsfiq) = (2a + a', e~^''n + 2 cosh(a)n) . 

With H the generator of a and {fj}j^i a basis of I*, the associated left-invariant vector fields on Q read: 

d 

H = da-^ rijdnj , fj = <9„, • 

Choosing r/ ~ r]2 ® rji with rjj G ^{Qj), it is enough to treat each variables separately. So just assume 
that 77 e V{Q). Now, for = (A^i, . . . , A^^) e N'' with |iV| = k, we have with := /f'l ■ • • /j^", 
■ ■ ■ £^nd setting qa := q' s^{q) G Q: 

/f7y(go)=2'^-cosh(a)'^-(C^)(9o)- 
Since cosh(a) < 2cosh(a'/2) cosh(ao/2), the latter and Remark 1 7 . 1 1 1 cut ail that 

|/f ?7(<?o)| < Ccosh(a72)^cosh(ao/2)^|a,f77|(qo) < C c)q(<7')' cosli(ao/2)^ \d^v\{q^) ■ 
On the other hand, we have 

d 

HgT^iqo) = 2(9,77) (go) - 2^(n,e-'^ + n;.e-2a)(a„^.^)(q„) . 

Since wj := rije^"" + n^e~^° is an eigenvector of Hq with eigenvalue —2, we deduce that for fc e N, Hj^ v{qo) 
is a linear combinations of the ordinary derivatives of 77, with coefficients given in the ring C[ix'j] of order at 
most k. Moreover, the rough estimate: 

\w\ = \{wi, . . . ,Wd)\ < 4cosh(ao) cosh(a')(|?^o| + |"-'|) , 

gives by Rcmark l7.11l 

|i^^?('Zo)| < C£)q((z')' cosh(ao)"|r7o|"|P(aa,9„,)77|(go) , 
for a suitable polynomial P. This implies that the 77-dependcnt term in (|10ip is bounded by: 

77(9^5^52, gUV) I <C'c)Q,(g^)^-^f)Q,(g;)'^i \v\{q'2s'q2,q[s-qi) , 

where fj belongs to I?(Q2 x Qi) and is obtained from rj by multiplication by cosh(a), \n\ and by differentiation 
along all its variables. Finally, we deduce that 

\\P^\\k2d2.ki,luk,3 < C \\F\\2k+ki+h+k2+l2,oo 



By the sub-multiplicativity and the invariance under the inversion map of the modular weights, we deduce 
that the quantity in the line above is smaller than: 

0Q2U"g2)"'+^'+''^+'^+^^0giU"gi)'^+^"+''^ ^§2(^262)'^+''^+'^ c)si(gibi)^ 

C)S2('7262)"=('^'i''i''='j)5Q,(g2)2'== 0Si(gi6l)"i('=^j)fQi(9l)2'=i 

X 3Q,(gU^g2)''-+^+'-^+'^+'^^DQ,(9is^gi)'^+^+'^^ \v\{qk'q2,q[s^qi) ■ 

Because 77 is compactly supported, the quantity in the last line above is smaller than a constant. Also, since 
5*^(0,71) = (2a, 2 cosh(a)n), we deduce that Ogd^g) < CZ)Q(g)^. Thus, the expression above is bounded by 

and one concludes by suitably choosing ni{k,j) and 77.2(^1, Zi, fc, j). ■ 
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We are now ready to prove a non-Abelian (curved) and C*-valued version of the Calderon-Vaillancourt 
estimate, the main result of this section. 

Theorem 8.19 Let B be a normal y group, A a C* -algebra, F e B{M,A), rj = tjn ^ ■ ■ ■ ^ rji G 'D{Qn) ® 
■ ■ ■ ® 'D(Qi) and m e 0(B). Define jar x,y gM, the element of A given by 

{Vx,n9MF)Vy)n,--= (102) 

■-,Fy{gN,...,9i;.)]...])...){y-'x) , 

where ni{qb) = m.(q^^) and where E^^ is the one-point phase ofSj as defined in (j95p . Then we have: 

sup / \\{r]^,ile,miF)r-iy)'Hj\dB{y) < OO , sup / || (?7x, f^e,m(i^)?fe)w^ || dB(x-) < oo . 
Consequently (see Provosition \8.9\) . the operator fig ^^{F) on T-L ®'H^ defined by mean of the quadratic form 
*,$e-H«)-Hx^ / {{rj^,^)n^,{r,^,ne^^{F)7}y)n^{T]y,^)n^)^dB{x)dB{y) , 

JBxK 

is bounded. Moreover, there exists k G N ( depending only on dim B and on the order of the polynomial in 
^Qn CS" • • • ^ Oqi that majorizes \ni\) and C > 0, such that for all F G B{M, A) we have 

\\^e,m{F)\\<C\\F\\k.oc = C sup sup||XF(a;)|| . 
Proof. To simphfy the notation for the matrix element given in (|102p . we write 

{v.,^eMF)Vy)n,,^:F'^([ E»m[zK^ {L;^,Fy z)]){y-'x) , 

J IB 

where E™ is given in (|96)) . Observe that this notation is coherent with our Funibi type Theorem l2.33l Thus, 
sup / ||(?7.,ne,™(F)r,y)„J|dB(a;) =sup / || / E»m[zh^ {V' ,Fy\.,z)\\{y-^x)\AB{x) 

yeBJB y&JK ^JB ' 



sup / EBm[z^ (L;_,^^)''(.,z)])(x)||dB(x) 

i/eB jb ^Jb ' 



The fact that this quantity is finite follows then by combining Proposition l8.5l witli Tlicorcm IS . 1 71 and Lemma 
18.181 and the fact that maps S(B, A) to itself isometrically. The second case is similar since 



The final estimation we give is a consequence of Proposition 18.91 together with the estimates underlying 
Proposition [8?5l Theorem 18 . 1 71 and Lemma [8.181 ■ 

8.5 The deformed C*-norm 

Now, we assume that our C* -algebra A is equipped with a strongly continuous and isometric action a of a 
normal j-group B. We stress that the results of this section cannot hold true in the more general context of 
tempered actions. This is the main difference between the deformation theory at the level of Frechet and 
C*-algebras. Given an element a € A, we construct as usual the A-valued function a{a) on B: 

a{a) := [5 e B ag{a) G A] . 
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Thus, from Theorem 15.81 we can deform the Frechet algebra structure on the set of smooth vectors by 
mean of the deformed product 

a -kg^ b := {a{a) ^e,m a{b)) (e) , a, & G . 

We have seen in (|88p how to modify the original involution at the level of S(B, A). At the level of the Frechet 
algebra A°° , an obvious observation leads to: 

Lemma 8.20 Let B &e a normal y group. For m £ 0(B), the following defines a continuous involution of 
the Frechet algebra 

*em : ^ f i arcsinh(i£:^)') o ••• o f i arcsinh(i , 

where E^, . . . ,Ei are the central elements of the Heisenberg Lie algebras attached to each elementary factors 
ofM. 

Remark 8.21 Note that when s*rn.j ~ nnj, j = 1, . . . , N, there is no modification of the involution. 

The construction of a pre-C*-structure on (^°°, *e m) follows then from Theorem l8.19l and from the following 
immediate result (compare with Lemma [57 



Lemma 8.22 Let {A,a,M) be a C* -algebra endowed with a strongly continuous and isometric action of a 
normal y group. Then, we have an isometric equivariant embedding a : A°° — > B{M,A). 

Proof. The equivariance property of a is obvious and implies (with the fact that a is an isometry) that for 
any fc e N: 

II , ,11 \\Xgag{a)\\ \\ag{X" a)\\ \\X^ a\\ 

||a(a)||fc,oo = sup sup ^ = sup sup — = sup — — — = \\a\\k , 

ge«XeUk{b) \^\k ge«XeUk(b) \^\k XeUk(b) \^\k 

and the proof follows. ■ 
Combining the previous lemma with Theorem 18. 191 we deduce the following inequality: 

Corollary 8.23 Let {A,a,M) be a C* -algebra endowed with a strongly continuous action of a normal y group 
and m e 0(B). Then, there exists fc G N and C > such that for any a G A°° , we have: 



\\ne,rn{aia))\\<C\\aU:=C sup {^^| 



Proposition 8.24 Let m G 0(B). Then the following defines a C* -norm on the involutive deformed Frechet 
algebra {A°° ,-k2.^,*e^^): 

ae A°° ^ l|a||e,m ||f^0,m(a(a)) || , 

where the norm in the r.h.s. is the spatial C* -norm on A(E)B{T-L^), and the operator ^0,m{c({o.)) "is defined in 
Theorem \8.19\ Accordingly, we let Ag m the C* -completion of A°° that we abusively call the C* -deformation 
of A. 

Proof. By construction we have for all a,b G A°° 

^9,m{a{a*0''" *^^^5)) = f7e,m(a(a))*f^e,m(a(fc)) , 
and the claim follows immediately. ■ 

Remark 8.25 We already know that at the level of the deformed pre-C*-algebra {A°° ,-kg the action of 
the group B is no longer by automorphism. But at the level of the deformed C*-algebra there is no action 
of B at all. 
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In a way very analogous to Proposition 15 . 201 we can show that the C*-deformation associated with a normal 
j-group coincides with the iterated C*-deformations of each of its elementary normal sub-groups. To see this, 
fix B be a normal j-group with Pyatetskii-Shapiro decomposition B = B' k § and A a C*-algebra endowed 
with a strongly continuous and isometric action a of B. Of course, a^, the restriction of a to the subgroup 
§, is strongly continuous on A. Let us fix also m = m' ® m S 0(B), with m' G 0(B') and m S 0(S). Then, 
we can perform the C* -deformation of A by mean of the action of S. We call this deformed C*-algcbra ^| ^. 
Then B' acts strongly continuously by *-homomorphisms on ^| ^. Indeed, it has been shown in the proof 
of Proposition 15 . 201 that the subspace of smooth vectors for B coincides with the subspace of smooth vectors 
for B' within the subspace of smooth vectors for S. In turns, A°° , the set of smooth vectors for B on A, is 
dense in A^ ^. As the action of B' is (obviously) strongly continuous and by *-homomorphisms (as shown 
in the proof of Proposition 15.201 too] on A°° , a density argument yields the result. Thus, we can perform 
the C* -deformation of Af ^ by mean of the action of B'. We call this deformed C*-algcbra (^| ^)g But 
we could also perform the C* -deformation of A by mean of the action of B directly. We call this deformed 
C*-algebra A^ ^. Now, the precise result of Proposition I5.20| is that at the level of the (common) dense 
subspace both constructions coincide. Thus it suffices to show that the C*-norms of (^lm)em' ^'^^ 
m coincide on A°° . But this easily follows from our construction. Indeed, the C*-norm of (^| at 
the level of A°°, is by definition the map 

|Km'([^'eB'^^^l,m([-ze§^a..'(a)])])|| ■ 
But by the construction of section [731 we precisely have 

17»'„,([z'eB'^l)|^([zeS^a,,,(a)])]) =f)»^(a(a)) . 
Thus, we have proven the following: 

Proposition 8.26 Let M be a normal y group with Pyatetskii-Shapiro decomposition B = B' k S, where B' 
is a normal j-group and § is an elementary normal j-group. Let A be a C* -algebra endowed with a strongly 
continuous isometric action a o/B. Within the notations displayed above, we have: 

In the remaining part of this section we prove that the deformed C*-norm constructed above coincide with 
the C*-norm of bounded and adjointable operators on a C*-module. This will make clearer the analogies 
with the construction of Ricffel in [19] for the Abelian case and it also explains the choice of the spatial 
tensor product in Theorem 18. 191 

Definition 8.27 Let m G 0(B). Then, for /i, /2 S 5'^"™(B, A), we define the A-valued paring: 

(/i, /2)0.m := J {vxM9,inifi''''" *e,m f2)Vx) daix) , (103) 

where where {r]x}xi£B C Ji^ is the family of coherent states given in Definition \8.2\ and the involution *e,m 
on S^'"^^^{M, A) is defined by: 

*8.m : / ^ f^arcsinhd^Ar)) o • • • o ( i arcsinh(ii^i) ) /* . 

In the last formula, En, . . . ,Ei denote the central elements in each Heisenberg Lie algebra attached to each 
elementary components in B and /* [x G B i-> f{x)*] £ S^'"^'^{M,A). 

Proposition 8.28 Endowed with the paring p03p and action 

X 5^-" (B, A) ^ 5^-" (B, A) , {a,f)^[geM^ f{g)a] , 
the space 5^-"(B,A) becomes a pre-C* -module for the C* -algebra A. 
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Proof. Note first that for any / G 5'^™"(B, A), wc liave by Proposition [ 

= j {V,Vx-^y){Vy,^9Mf)Vx)dB{x)dB{y) . 

Tlrus, 

\{Vx,^e.m{f)Vx)\\dKix) <snp / \{v,Vx-iy)\ dmiy) x sup / \\{r]y,^e.m{f)Vx)\\dK{x) 

xGEJ y£Bj 



|(?7,77y)| dB(y) X sup / (?7y, r2e,m(/)?yx> dala;) < oo , 

l/GB J 

by Corollary [m and Theorem EEl (since (B, A) C B{M,A)). Thus, we conclude from from the 

stability of 5'^™"(B,A) under ★e.m (see Proposition I4.8p . that the paring (.,.)6/,m is well defined. More- 
over, testing this paring on the dense subset spa.n{a(p , a ^ A, ip ^ 5^'=''"(B)} of 5'^'^='" (B, A), we see that 
(^■^■^''"(B, A),5'5'^''"(B, A))e,m A.A, which is dense in A. Next, we observe that the paring can be rewritten 
as 

(/l, /2>e,m = J {Vx,^e,mifl)* ^0,m{f2)Vx) d^ix) . 

This shows that (/i,/2)em ^ (/2,/i)e.m and proves positivity and non-degeneracy. Last, it is clear that 
(/i, /2)e,ma = (/i, /2a)e,m for aU a e A and aU 5^-"(B, A). ■ 

Remark 8.29 It can be shown that the paring can be rewritten as: 

(/i,/2>e.m= / /r'''"'*e,m/2(g)dB(g) =Tr(rJe,m(/i)*^^e,m(/2)) . 

However, this is by far less convenient expressions, as shown in the proof of Theorem 18.311 below. 
Definition 8.30 Lei me 0(B). For F eB{M,A), let L''^"'{F) be the operator on S^'^^'^{M, A) given by 

L«'-(F)/ = F*e,m/. 

By PropositionSH the operator L^^™(F), F e B{M, A), acts continuously on S'^'^'-" (B, A). Moreover, L''-"'{F) 
is adjointable, with adjoint given by L''"'{F*0 "-). Indeed, for all /i,/2 € 5'^<=='"(B, A) and F e B(M,A), we 
have 



{h.L''^{F)h)g,^= / (r?.,r!e,m(/r""*e,mF*e,m/2)r/x)dB(x) 



Note also that the operators L^'"^{F) all commutes with the right-action of A. But we have more, since 
in fact L^'™{F), for F E B{M,A), belongs to the C*-algebra of A-linear adjointable endomorphisms of the 
pre-C*-module 5^=='™ (B, A). Indeed, from the operator inequality on A 

^eMn - *e,m F*'-- *e,mF*g^^ f) = r!e,m(/)*|l^e,m(^^)|' f^e,m(/) < \\ng^m{F)fne,m{f*"''" *9,m f) , 
we deduce for F e B{M,A) and / £ 5'^''" (B, A), the operator inequality on A: 

{L'>''^iF)f,L'^"^{F)f)e^^ < meMF)f-{fJ)e.m ■ 

Hence we get 

\\L'^"'{F)\\ < \\neMF)\\ , (104) 
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where the norm on the left hand side denotes the norm of the C*-algebra of ^-hnear adjointable endo- 
morphisms of the prc-C*-module iS"^"^"" (B, A). Now, observe the dense embedding of the algebraic tensor 
product 

A (g)aig S(B) ^ 6(B, A), ^ ai 0i [.g e B ^ 0^(.g)a« e A] . 

i i 

Via this embedding, the norm in the right hand side of (|104p is by construction the restriction to A(E)edgl3(E) 
of the minimal (spatial) C*-norm on A (g)aig B, where B is the C*-completion of {^e,m{F), F E B{M)} in 
BCHx)- Hence, we deduce that 

> \\ne.^^{F)\\ , VFeA ®aig B{M) , 

which by density implies that 

||L«'-(F)|| > ||r!e,m(F)||, \/FeBiM,A) . 
Thus wc have proven the following: 

Theorem 8.31 Let M be a normal y group, A a C* -algebra and m <E 0(B). Then 

\\L'-"'{F)\\ = \\ne.UF)\\, ^FeB{M,A), 

where the norm in the left hand side is the one of the C* -algebra of A-linear adjointable endomorphisms of 
the pre-C* -module 5'^''°" (B, A) and the norm in the right hand side is the spatial C* -norm of A® B{T-Lx)- 

Back to the case where A carries a strongly continuous action a by *-homorphisms, we deduce: 

Proposition 8.32 Let {A, a) be a C* -algebra endowed with a strongly continuous and isometric action of a 
normal y group B and let m G 0(B). Then, the C* -norm on the involutive Frechet algebra {A°° *e.m) 
given by 

aC,A°"^ ||L'''"'(a(a))|| , 
coincides with the deformed norm ||.||e.m of Proposition \S.24\ 

8.6 Fonctorial properties of the deformation 

In this subsection, we collect the main fonctorial properties of the deformation. We still consider a C*- 
algebra A, endowed with a strongly continuous and isometric action a of a normal j-group B. Given an 
element m e 0(B), wc form Ag^rn, the C*-deformation of A. We let Bg^mO^,A) (respectively Se,m{^, A)) 
the C*-completion of the pre-C*-algebra (;S(B, A), ★e.m, *e,m) (respectively (5'^™"(B, A),*6)^m, *e,m)) for the 
C*-norm 

F ^ \\ng^^{F)\\ . 

Firstly, we observe from Proposition 17.271 the following isomorphism: 
Lemma 8.33 Let A be a C* -algebra and m e 0(B). Then we have: 

5^(B,A) ~/C(-Hx)® A. 

Now, we come to the question of bounded approximate units for the deformed C*-algebra Ag^^. From the 
existence of a bounded approximate unit for the undcformcd C*-algebra A, Proposition 15.191 shows that 
the pre-C*-algebra (^°°,*9 ^, ^e.m) possesses a bounded approximate unit as well. Thus, we deduce from 
Corollary 

Proposition 8.34 Let {A, a) be a C* -algebra endowed with a strongly continuous action of a normal y group 
B and m G 0(B). Then Ag„i possesses a bounded approximate unit {e^jAeA consisting of elements of A°° . 

Next, we observe that the two-sided ideal (5"^™"(B, A),*e^m, *e,m) is essential in (S(B, A), *e,m, *e,m): 
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Proposition 8.35 Let A be a C* -algebra and m € 0(B). Then we have for all F £ B{M, A): 

\\ngUF)\\=snp{\\ne^UF*e,mf)\\ ■ /g5^-(B,A), ||l)e,m(/)|| < l} ■ 

Proof. This is is verbatim tlie arguments of [111 Proposition 4.11], combined with the equality ||i^6(.m(-F)|| = 
of Proposition [H321 for all F G S(B, A) (thus for / e ^■^'--"(B, A) too) and with the existence of 
bounded approximate units of the pre-C*-algebra (5'^'^='" (B, A), ★e.m) as shown in Proposition l5.19l ■ 

The proof of the next two results is word for word the one of the corresponding results in the flat situation, 
given in [191 Proposition 4.12 and Proposition 4.15]. 

Proposition 8.36 Let A be a C* -algebra, I an essential ideal of A and m G 0(B). Then the C* -norm on 
(i3(B, A), given in Theorem \8.19\ is the same than the C* -norm of Frovosition \S.3S\ for the restriction 

of the action ofB{M,A) on (B, /). 

Proposition 8.37 Let A be a C* -algebra and m e 0(B). The C* -algebra Be^m{^,A) is isomorphic to the 
C* -deformation of the algebra of A-valued right uniformly continuous and bounded functions on B, Cr[i(B, A), 
for the right regular action ofM. 

The following two results treat the question of morphisms and ideals. They can be proven exactly as |19[ 
Theorem 5.7, Proposition 5.8 and Proposition 5.9], by using Proposition 15. 151 and Proposition 15 .171 

Proposition 8.38 Fix m G 0(B) and let {A, a) and {B,(3) be two C* -algebras endowed with a strongly 
continuous actions o/B. Then, if T : A ^ B is a continuous homomorphism which intertwines the actions 
a and (3, its restriction T°° : A°° — >■ B°° extends to a continuous homomorphism Te^m '■ ^e.m ^ Se,m- If 
moreover T is injective (respectively surjective) then Tg „i is injective (respectively surjective) too. 

Proposition 8.39 Fix m € 0(B) and let {A, a) be a C* -algebra endowed with a strongly continuous action 
o/B and let also I be an a-invariant (essential) ideal of A. Then Ie,m is an (essential) ideal of Aq^^. 

8.7 Invariance of the K-theory 

In this final subsection, we show that the i^-theory is an invariant of our C*-deformation, exactly as in the 
Abelian case [20]. We still consider a C* -algebra A, endowed with a strongly continuous and isometric action 
a of a normal j-group B. Given an element m G 0(B), we form Ag^m, the C*-deformation of A. We endow 
Se,m(B, A) with the action a of B defined on S(B, A) by 

{a,F){x):=ag{F{g-^x)) . (105) 

We will show that d is a proper action of B on the sub-C*-algebra Se,m{M, A) , and that Ag m is the generalized 
fixed point algebra for this action, in the sense of [18] . We also let a to denote the extension of a from A to 
S(B,A), given by 

(ag(F))(.T)=a,(F(x)) , 

so that 

ag = dg o L* = L*g o ag , Vg e B . 

This also shows that the infinitesimal form of a on B{M,A°°) is related with the infinitesimal form of a on 
by 

(X"/)(x) =X"(/(x)), yXeU{b), V/G6(B,A). 
We start with some preliminary results: 

Lemma 8.40 The action a is isometric on i3rn(B, A) and its restriction to 5e,m(B, A) is strongly continuous. 
Proof. The isometry follows from the covariance of the pseudo-differential calculus: for all g G B, we have 
ng^^{dgiF)) ^ag® Ide(wj (f)e,^(i*F)) ^ ag ® Id^t^j {Ug{g) o r!(,,m(F) o Ugig)*) , V^^ G 6(B, A) . 
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For the strong continuity of d on 56i,m(B,^), it suffices (by density) to prove it on iS'^'=''"(B, A). Since by 
Theorem 18.191 the operator norm is weaker than the Frechet topology of B{M,A), it suffices to prove strong 
continuity on S^"^-' (B, A) for the induced Frechet topology of B{M, A). As (B, A) is a subset of i3(B, A) 
stable under the inversion map of B and that the right regular action R* is strongly continuous on B{M,A), 
we deduce that the left regular action L* is strongly continuous on 5"^""° (B, A). Since a = a o L* = L* o a, 
it then remains to prove strong continuity of a on 

^Sc.n ^) foj. the induced Frechet topology of i3(B, A). 
As a commutes with the right regular action R*, it commutes with the left-invariant differential operators. 
By isometry of a, strong continuity everywhere will follow from strong continuity at the neutral element es. 
This also implies that for / S 5'^'=''" (B, A), we have in the semi-norms defining the topology of B{M,A): 

- /!lfe,oo = sup = sup — ^ — , VgeB. 

XeUkib) \^\k X£Uk(b) \^\k 

Hence it suffices to consider the case /c = 0. By a compactness argument, we see that the strong continuity 
of a on ^ implies strong continuity of a on I?(B, A) for the uniform norm, namely 

and one concludes by density of I?(B, A) in (B, A). ■ 

We now come to the question of the properness of the action a on 5e^rn(B, in the sense of [18]. For 
this property to hold, we need to find a dense d-invariant *-subalgcbra of 5e_m(B, A), such that for all 
/i,/2 e Bo, the maps 

[5 e B Ab(5)"'/'/i *e,m agl/s"'")] and [5 G B h *e,m agif;'-"")] , 

belong to (B, 5e^m(B, A)) and denoting by M{Bo)°' the subalgebra of the multiplier algebra of 5e,m(B, A) 
of elements which preserve Bg and which are invariant under the extension of a to M (Se.mi^, A)) we have 



f e Bq^ / / ^e.m ctgifl"--^ *e.m h) daCg)] e M(Bo)' 



Our candidate for Bo is ^'^^^ (B, Note first: 

Lemma 8.41 Leime0(B). Then (S^'"^^^{M, A°°),-kQ„^ is a dense a-invariant *-subalgebra of Sg^mi^, A). 

Proof. That 5'^'=-''"(B, is closed under the involution *g,in and imder the action d of B is clear. Since 
S^'^'^iM, A°°) is dense in 5'^'^''" (B, A) for the Frechet topology of the later, since (B, A) is dense on 
Sg,m{^,A) for the C*-topology of the latter and since the C*-topology is weaker than the Frechet topology 
on iS'^'^"" (B, A), the density statement follows. Last, that (iS'^™" (B, ★e.m) is a subalgebra of 5e.m(B, A) 
follows from Proposition 14.81 ■ 



The two conditions underlying properness relies on an important preliminary result: 
Lemma 8.42 Let /i,/2 € 5-5<^''" (B, Then the map 

(xi,X2) gBxBk^ [yeM^Rl^{f^)Rt^{ay{f2)) = G B ^ /i(z.ti) ^^(^(y-izxa)) € A]]] , (106) 

belongs to 6^°">(B x B, 5^-" (B, 5^-" (B, A°°))) , with the modular weight on B x B. 

Proof. Recall that the Frechet topology of S^'""'{M, A°°) can be associated with the set of semi-norms 

ll.|l Mxy\\Y^Xfix)\\ 
ll/ll(i,fc),/ := sup sup sup , 

X£Uk(b)YeUi{b)xem l^lfePU 

and the one of B^'^"^ (B x B, ^jj^ ^Sca,, ^jj^ A°°))) can be associated with the set of semi-norms 

BiyV^MzY' \\Z" Y2,,Yi^y Fixi,X2;y; z)])\\ 



I^lk0l,fel),(j2,fc2),m 



sup sup sup sup sup \ I ■ h ■ h \ 

XeUi{b(Bb)YieUk,ib)Y2eUk2{b)ZeU^ib)xuX2,y,zeB dBxB{Xl,X2n^^-''^''^'''^''"''> \X\i\Yi\k^\Y2\k2\Z\r 
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Applying this to the four-point function constructed in (|106p . we get using Swedler's notation: 



y ^(0:1,3:2) 



fi{zxi)ay{f2{y ^zx2)) 



= Y.^" ^2,.yi,, [(^1 /l) [ZX,) ay{{X2h) {V~^ZX2)) 
{X} 

= E E ^" ?2.. /i) {zxi) ay{{Y,"^, Y^X^h) {y-^zx2)) 

(X) {Y^) 

= [(Adl^2,l Xi fl){zxi) ay{{kd^2.2 Y,",Y^X2f2){y-^ZX2)) 

(X) (i'l) (^2) 

= E E E E Ad^2,i /i) (22:1) a^(((Ad,,-iZ)"Ad;py2,2 Y^X2h) {V-^ZX2)) 
{X) (n) (1-2) (Z) 



^2,^5^1,^ -'^(2:1, X2) 


fi{zxi)ay{f2{y ^zx2)) 






fcj^2 fc2 ^ U 



Hence we get 



sup sup sup sup 

X£U,{b®b) YieUk^ib) Y2£Uk^{b) Z£U„db) 

^ nil I, I, N fBxB(xi,X2)''^C)B(y)" II , II II , II 

with N,A-I £ N arbitrary. This implies that the norm || .||/,(j^a:) of fi{zxi)ay(^f2{y^^zx2)) is smaller than a 
constant times: 

OB(2/)-^'OB(^)-^^OBxB(a:i,X2)''^C)B(j/)'" |, ^ |, II ^ II 

:>MMxi,x2r^''''''^''^''''"'^Mzxi)^My-'zx2r'^^'^'^^^ 

As M,N are arbitrary, using the sub-multiplicativity of the modular weight, we can find n{ji,ki^ j2,k2,m) 
such that the fraction above is uniformly bounded. This achieves the proof. ■ 



Proposition 8.43 For m e 0(B) and /i, /2 G 5-5">" (1, A°°), the maps 

[geM^ AB(.g)-i/Vi *e,m agif^'n] and [.g e B ^ A *e,m «<,(/2'"")] , 



belong to (M, Sg ^in{V>, A)) . Moreover, the map 

f e Sim, A^)^ [ f *e,m «<,(/!*""" *e,m h) Mg) 



belongs to the multiplier algebra M (S''^"'"' (B, A°°)^°' . Consequently, the action a o/B on Se,m(M, A) is proper 
in the sense of \li 



Proof. The first part of the claim follows from the definition of the product *e,m in term of an oscillatory 
integral: 

fi^e.magif^"'"') = / K0^^{xi,X2)R*^ifi) Rl^{agif2"-'")) dsixi) dMix2) , 

JBxB 

combined with Lemma \8A2\ and with the inclusion (B, (B, C (B, 5^(B, A)) , together 

with the fact that the multiplication by A^"'^^^ is continuous on 5'^'^''" (B, 5e_rn(lB, ^)) as it is a tempered 
function. For the second part, we again use Lemma [8.421 which shows since 5'^'^''" (B, is an algebra for 
the product Tk-g m, that the map 



/*e,mQ!g(/r''''" *e,m/2)dB(5) 

Jb 
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sends continuously 5' 



, A°°) to itself. Since the d-invariance of the map above is rather clear, it remains 



to show that the latter extends from 5e,m(]B,^) to itself, i.e. that it is indeed an element of the multiplier 
algebra of iSe,m(B, A). For this we need to find a convenient expression for 

f fl*0,m&g{f2)M9), V/i,/2G5(B,A°°), Vj/ € B . 

Jk 



By Proposition l2 . 301 we can express the oscillatory integral underlying the product *e,m in term of absolutely 

— s 

convergent integral. More precisely, writing Kg ^ ~ e s '"'"Ag^rn, we have 

2i , 



/ 

Jb 



fi*0.inag{f2){y)dM{g) 



-■Scan (2:1, 1:2) 



Ara{xi,X2)fiiyxi)ag{f2ig ^yx2)) diCg) di(.Ti) di(a;2) , 



where one can choose the operator D such that the coefficients decay (in a tempered way) as fast as one 
wishes, so that taking into account the decay of /i, /2, the triple-integral above is absolutely convergent. As 
D commutes with left translations, we get after the change of variable g 1—^ yx2g- 



fi*9,mag{f2){y)dB{g) 



Am{xi,X2)fl{yXi)aya:2g{f2{g ^)) dfi (g) dfl (a^l ) dfi (X2) 



By Fubini Theorem, the triple integral above becomes: 



Sca„(2:i,an2)]-)_^^^^^ Ag^-^{xi, X2) fl{yXi)aya:2( ag(f2{g ^)) dnig)) dB(.Tl) dB(.T2) 

which means that as expected, we can write 

/i *e.mag(/2)dB(g) /i ★e.m a( / ag(/2(.g"^)dB(.g))) . 
Now, we observes that the map 



/ 

Jb 



/ ag(/(.9-i))d„(5) , 
Jb 

sends continuously iS'^"='"(B, A°°) to A°°. Indeed, for X e W(b), we have 



(107) 



which entails that 



X' 



ag{f{g-'))dB{g)= / a,((Ad,-.X)"(/(5-i))) dB(ff) , 



ag{f{g-'))d«{g) < M9)'"''^''^\\X" {f{g-'))\\ dB{g) 



which is finite since the group inverse map is continuous on 5'^''''" (B, A). This is enough to conclude in view 
of Lemma [8?22l ■ 



The sub-C*-algebra of M(5e^m(B, A)) generated by the operations described in the previous Proposition is 
called the generalized fixed point algebra of iSe,m(B, A) and is denoted symbolically by Sg^m{M, A)" . Also, it 
is proven in [18j that the linear span of 



{ [g e B ^ Aigr'/'-h *e,m «s(/2*'-") e 5^-(B, A°°)] : /i,/2 G 5^-(B, A°°)} 



(108) 



forms a sub-algebra of the crossed product B k iSe 



, A) , whose closure is strongly Morita equivalent to 



the generalized fixed point algebra, with equivalence bi-module given by 56i.m(B, A) itself. Our final task is 
to show that on the one hand 5e_in(B, A)" ~ ^e.m and on the other that the action is saturated, meaning 
that the algebra generated by the set of functions (|108p is dense in the crossed product B Sg^mi^, A). 
Note that here, there is no distinction here between the reduced and full crossed product algebras, since B 
is solvable and thus amenable. 
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Lemma 8.44 With the notations as above, we have 5e,m(lB, A)" ~ ^0,m- 

Proof. Call P : S'^'^-^"{M,A°°) the map given in ([TU7|) . As observed earlier, P sends 5^'^»(B,A°°) 

to A"° C Ae,m. As 5^(B, A)" is the closure of the image of P(5'^— • (B, under the map a : ^ 

B(M,A), in M{S^{M,A)) and that B(E,A) C M(S^{M,A)) isometrically, we get that 5^(B,A)" C 
a{Ae,in)- 

Now, let (fij e ^•^■■''"(B) and G j = 1,2, so that (pj ® e (B, and 
P((^i (g) ai ★e^m </52 <8) 02) = / 0:3(0102) (pi *e,m <^2(ff"^) dB(5) • 



By Proposition 15.191 we can let (pi ranges over an approximate unit for the product -kg^m- Thus, P[(pi ® 
o-i *e,m 'P2 ^ 02) will converges to 

ag{aia2) (p2{g^^) dn{g) , 

for the Frcchet topology of A°° . Let then ip2 ranging over approximate (5-functions supported at the neutral 
element. The latter integral will converges to aia2 for the Frcchet topology of A°° , and thus for the norm 
topology of Ag^m- We conclude by the density of A°°.A°° in Ag m-Ag.m and by the density of products in a 
C*-algebra. ■ 



To prove that the action d of i3 on 5e,m(B, A) is saturated, we need an inversion formula for the product ★g.m- 
This result (for an elementary normal j-group) is extracted from [4] but we provide the detailed arguments 
for the sake of completeness. 



Proposition 8.45 Let m e 0(B), B a normal j-group and /i,/2 G S^"' 
have the absolutely convergent representation: 



,A). Then for all z £ B, we 



^{X1,X2) (Rl-Jl) *0,m {Rl-if2){z)dB{xi)dK{x2) = fl{z) f2{z) . 

Proof. Fix z G B and consider the continuous map 

5^-"(B, A) ^ 5^— (B, A) , f^[xc,K^ {K-^f){z) = f{zx-^) e A] . 
Then, using arguments very similar to those leading to Lemmas 12.371 and 12.441 we can deduce that the map 

(/i,/2)^ [(2/1,2/2) eB xB^ [(xi,x2)^-> (i?;^-i/i)(z)(i?;^-i/2)(z)e^]] , 

is continuous from 5-5™(B, A) x (B, A) to 6^«>(B x B,5'S'-"(B x B, A)) for a suitable family {/ijjjeN 
of tempered weights on BxB. Hence, the map 

(/i,./2)^ [(a;i,X2)eBxBK^ (i?;^_i/i)*e,m (i?*-i/2) (^)] , 

is continuous from 5"^""(B, A) x 5'^''°"(B,^) to 5"^'^''"(B x B, A), which in turn entails that the map 

(/i,/2)^ [(xi,X2)eBxB^A-_^^(a;i,X2)(i?;^-i/i)*e,m (i^^-i/s) (2:)] , 

is continuous from 5'^™"(B, A) x iS'^'^-''" (B, A) to iS'^™"(B x B, A), since the kernel AT™ 2 is tempered. In 
summary, the quantity 

/ ^2{xi,X2){R*-lfl)*e.m{Rl-lf2){z)dM{xi)dM{x2) , 
J ^g ^ Q. V / \ j,2 ' 

is well defined as an absolutely convergent integral for all z g B. Next, from Remark l2.461 for the restriction 
of *e,m to 5"^=''"(B, A) X S^'"'"{M^A), we have the (point-wise) absolutely convergent expression: 



/i *e,m /2 — 



KlM.^'2) Rl', (A) Rl'Sh) dMMA) 
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Hence, 



Kl^^{x^,^2)[ J Kl^{x'^x,,x'2X2)K'Sh)K'Sh)MOM^'2)) ^b\^i) ^i\^2) M^i) Mx2) ■ 

The rest of the proof is computational: we are going to show (in the distributional sense and up to numerical 
pre-factors) that 

T», := / ,(a;i,X2)/^,».^(x'ia;i,x^X2)A„i(xi)ABi(2;2)dB(xi)dB(x2) =<5»K)<5«(x'2) , 



where 5g is the Dirac measure on B supported at g. Wc first prove that without loss of generality, we may 
assume that B is an elementary normal j-group. Indeed, let B' Kr§i be the Pyatetskii-Shapiro decomposition 
of B and assume that =5" ® 5f and T^^ = 5^^ ® Jf^ . As usual, an element g € B is parametrized as 
g — gig', where g' G M' , gi G Si. Firstly, we observe that under this decomposition, the modular function 
of B is the product of modular functions of B' and Si. This follows from the decomposition of left invariant 
Haar measures dB = dm' ^ dg^ , from the relation (j9ip in Remark 18.11 and the definition of the modular 
function: 

. . . dB(.g-i) d„(.g'-ig-i) dB(Rg.-i(gr')3'"') dg, (R^,-! (5r'))dB' (.9'-^) 



dsig) dsigig') dsigig') ds^{gi)dK'ig') 

_ (R,,-i)Ms,(5r')dB'(5'-') _ dsd9T')dB'{9'-') 



As,(5i)Ab'(5') 



dsi(5i)dB'(g') dsi(gi)dB'(.g') 
Also, by construction, we have 

^",m(2^, y) = <m' (^', y') <U ' yi) ' 

and thus 

Kl^ixy, St) = Kf^, ix'y\ s't') kI^^^ (xiR,. (j/i), siR,, (ti)) . 

Hence, for x = xix',s = sis',y = yiy',t = tit' G B with xi, si,yi,ti e Si and x',s',y',t' G B', we get from 
our induction hypothesis: 

Tt = J K'^^^{y\t')K^^^^{yi,ti)K:[^,{x'y',s't')Kll^^{xiR^ 

X Ab/ iy') Ag-^i (yi ) A^/ (f) Ag' [ti ) dn- (y') ds, {yi ) dn- (f) ds, (t 1 ) 
= T»;,, / i^^^ ^{yi,ti) Kl^^^{xiR,,{yi),siRAti)) A^^\yi) A^^\ti) dsAyi)dsAti) 

= 6fix')Sf{t') I K^^ ^iyi,ti)Kl^^^ixiyi,siti)A-^\yi)Ag\ti)dsAyi)dsAh) 
= 5f {x') Sf it') Tll,^ = Sf ix') Sf it') e (xi) e (^1) = S^A^) <5»(i) . 



105 



Now, for B = § an elementary normal j-group, using the explicit expression for the two-point kernels, we 
find in the coordinates (j41[) and up to numerical pre-factors: 

_ f m(ai - a2)m(-ai - a[)m{a2 + a'2) mg(ai)m^(Q2)mg(ai + a[ - Q2 - Q2) 
^'1-^2^ J m(-ai)m(a2)m(ai + - a2 - 4) As(ai)As(a2) 

X exp |^(^ti(sinh(2a2) - sinh(2a2 + 203)) - t2(sinh(2ai) - sinh(2ai + 2a[))^ | 
X expjf (^sinh(2ai + 2a[)e-'^''H'2 - sinh(2a2 + 2a2)e-'^°-H[^^ 
X exp 1^ ^coshai cosh 02 — cosh(ai + a[) cosh(a2 + 02)^0;° (ui, W2)| 
X exp 1 1 sinh(2a2 + 2a2)e~''^Lu°{vi,v[) + 2cosh(ai + a'i)cosh(a2 + a2)e~''"w"(t;i, Wj)) | 
X exp I - |(^sinh(2ai + 2a'i)e"°2a;°(u2, W2) + 2cosh(ai + ai)cosh(a2 + a2)e""ia;"(v2, } 
X exp I — ^ cosh(ai + a[) cosh(a2 + a'2)e^°'^^°'^uj°{v[,V2)^ dai da2 dvi dv2 dti dt2 ■ 
Integrating out the variables ti,t2, yields a factor cosh(2ai)~^ cosh(2a2)~^ S{a[)S{a2), and thus we get: 



T , 



X exp ■ 
X exp • 

X 



Sia[)Sia'2) I "^o(°i)"^o(«2)mg(ai-a2) |^(,i^h(2ai)e-^°-t-2 - sinh(2a2)e-^"^t0 1 

^ ^' ^ ^' J cosh(2ai)cosh(2a2)As(ai)As(a2) ^ I V ^ ^ ^ Vi 

i||w°(wi,sinh(2a2)e"''iwi + 2 cosh(ai) cosh(a2)e"°"i;2) | 
i| - iw°(i;2,sinh(2ai)e"''=U2 + 2cosh(ai)cosh(a2)e"°iui)| 
exp I - ^ cosh(ai) cosh(a2)e"°^^''^cj°(u'i, W2)} dai da2 dwi dw2 • 
Integrating out the variables vi,V2, yields a factor: 

S{ sinh(2a2)e~''iui + 2 cosh(ai) cosh{a2)e''°'^v'2) d{ sinh(2ai)e~''"w2 + 2 cosh(ai) cosh(a2)e"°it;'i) . 
Observe that the Jacobian of the map 
V xV -^V xV , 

{v[,v'2) i-^ (sinh(2a2)e"''^wi + 2 cosh(ai) cosh(a2)e"°^U2, sinh(2ai)e~''^U2 + 2 cosh(ai) cosh(a2)e~''^wi) , 
is proportional to 

g-2<i(ai+a2) cosh(ai)2'^ cosh(a2)^'' cosh(ai - a2f'^ . 
Thus, the former S function is proportional to: 

g2d(ai+a2) cosh(ai)-2'' cosh(a2)-2'^ cosh(ai - a2)-^'^6iv[)6iv'2) , 

and consequently, 

7^li.4=%'i)%2)'5M)'5(«2) 

X J e-2('^i+'^2) cosh(2ai - 202) exp | f sinh(2ai)e"2"^4 " sinh(2a2)e"2"it'i) | doi da2 . 

But the pre-factor e~^("i+°2) cosh(2ai — 202) in the expression above is exactly the Jacobian of the map: 
R2^R2^ (01,02) ^-> (sinh(2al)e"2''^-sinh(2a2)e~2''l) , 

so that 

Tl'^..',=Sia[)Sia'2)6iv[)6iv'2) J exp {f (uit'2 + U2t['^} du, du2 

= 5{a[) d{a'2) d{v[) 6{v'2) 6{h) 5{t2) = 5^{x^)5''{x2) . 
This concludes the proof. I 
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Lemma 8.46 The action a of B on 50,m(B,^) is saturated, that is, the convolution algebra generated by 
the elements 

[geM^ A(5)-i/2/i ^e.magif^"'") S , /i,/2 € 5^-(B, , (109) 

is dense in the crossed product C* -algebra M Se^m(^, A). 

Proof. Call Eq the sub-algcbra of B Xq 56i,m(I8, A) generated by the elements given in (|109p and E its closure 
for the C*-norm of the crossed product algebra. We need to show that E ~M Sg^in{V>, A). By Lemma 
I8.42[ we know that 

Eo C 5^-(B,5^-(B,A°°)) c L\M,S^{M,A)) , 

so that E C B Kq 5e,m(B, A). Since i? is a two-sided ideal ofM:><aSe,m{M, A) [TBI Theorem 1.5], the converse 
inclusion will clearly follow if we prove the existence of a bounded approximate unit of B Kq Se^mC^, A) 
consisting of elements of E. But this follows from the following two arguments. 
The inversion formula of Proposition 18.451 gives in this context: 

A(g)-i/2 I K^^^ {u, v) i?:-. (aM) d„(t^) d^^) = Aig)-'/' f*,"- a,{f^) , 

point-wise for any /i,/2 G 5"^"™ (B, Since the right regular action R* preserves iS"^"""' (B, and 

commutes with the action a given in (jl05p . approximating the Ricmann integral above by Riemann sums, 
shows that the maps 

[geM^ A(.g)-i/Vr-'a<,(./2) G S{M,A^)] , V/1,/2 G S{M,A^) , 

belong to E as well. But with such maps, it is easy to construct an approximate unit in B Kq, Sg^mi^, A). 
Indeed, as 

J i?:(5»)iji?:(5«)d„(^) = 5»(p)®i, 

where 1 above is the constant unit function of B{M), it suffices to consider the net of elements A(g)~^/^ ipx 
a\Q.g{(p\ (S) ax), where (px are in 5'^''='"(B) and approximate the Dirac measure supported at the neutral 
element, and where a a is a bounded approximate unit for A°°. ■ 

Corollary 8.47 The deformed C* -algebra Ag^m is strongly Morita equivalent to the reduced crossed product 
Bk£,5^(B,A). 

Proof. By [T51 Theorem 1.5], E (as described above) is strongly Morita equivalent to the generalized fixed 
point algebra 56i,m(B,^)" for the action a. Then one concludes using Lemmas 18.441 and 18.461 ■ 

We arc now able to prove the main result of this subsection: 

Theorem 8.48 For all m e 0(B) and 6 e K*, we have K.^{Ae^^) ~ K.^{A), * 0, 1. 

Proof. From CoroUarv 18.471 we have i^*(Ae^rn) — A', (B Kq. Se,m{V>, A)) . As B is solvable, we can use the 
Thom-Connes isomorphism to deduce that if*(A6),rn) — ^*+dim(B) ('56),m(I8, A)) , but as B is even dimensional, 
we get Ki,{Ag^jn) — Jsr*(5ei,m(B, A)). Last, from Lemma 18.331 we know that iSe,m(B, A) ~ /C('Hx) A and 
thus K^,{Ag^in) — K^,{A) as nedeed. ■ 
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